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Primitive central idempotents of certain finite semisimple
group algebras

Shalini Gupta
Department of Mathematics,
Punjabi University, Patiala, India.

ABSTRACT

-

The objective of this paper is to give a complete algebraic structure of semisimple group algebras of some
finite indecomposable groups, whose central quotient is the Klein’s four group, over a finite field.

Keywords: semisimple group algebra, metabelian groups , indecomposable groups, primitive central
idempotents, Wedderburn decomposition.

MSC2000: 16S34;20C05; 16K20

1.INTRODUCTION

Let Fq be a finite field with q elements and G be a finite group of order coprime to q, so that the group
algebra Fq[G] is semisimple. The most important problem in the area of group algebras is to find a
complete set of primitive central idempotents of semisimple group algebra Fq[G]. The knowledge of
primitive central idempotents is useful in finding Wederburn decomposition, unit group of integral
group ring, various parameters in error correcting codes [1,2,4,5,10,11,13,14,15,16,17,18]. In [3],
Bakshi et.al. obtained a complete algebraic structure of Fq[G], G metabelian, using Strong Shoda pairs.
They further illustrated their result by providing a complete set of primitive central idempotents and the
Wedderburn decomposition of certain finite group algebras of indecomposable groups whose central
quotient is Klein’s four group. Further, Neha et. al. [12] obtained a complete Wedderburn decomposition
of group algebras of all such indecomposable groups using the method developed by Ferraz in [6]. In this
paper, we give a complete algebraic structure of [Fq[G] or some indecomposable groups G, as classified

by Milies [7], using the method developed in [3].

2. Metabelian groups

We recall the structure of metabelian group algebras over finite field as given in [3].

Let H 2 K = G with K/H cyclic of order n. Let Irr(K/H) be the set of irreducible characters of
K/H over the algebraic closure F, of F,. Let € (K/H) be the set of g-cyclotomic cosets of
Irr(K /H) containing the generators of Irr(K/H), i.e., if y is a generator of Irr(K /H), then an
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element C of € (K/H) containing y is the set {x, x9, -, x%°7"}, where o = 0,(g), the order of g
modulo n. Consider the action of N¢(H), the normalizer of Hin G, on € (K/H) by conjugation.
Let Eg (K/H) denote the stabilizer of C€ €(K/H) and R(K /H) denote the set of distinct orbits
of € (K/H) under this action. Set

ec(K,H) = |K|_1Z i trE 0y /r, X (@) 977
g

where y is a representative of the g-cyclotomic coset C and ( is a primitive nth root of unity in
Fq, Ce € (K/H). Let e (G, K, H) be the sum of distinct G -conjugates of e(K,H). For aring R, let

R™ denote the n-copies of R.

For a normal subgroup N of G, let Ay /N be a maximal abelian subgroup of G/N
containing its derived subgroup(G/N)". Let T be the set of all subgroups D/N of G/N with
D/N < Ay/Nand Ay /D cyclic. Consider Tg;/yto be a set of representatives of the distinct

equivalence classes of T under the equivalence relation of conjugacy in G/N. Define
Se/n ={(D/N,Ay/N)| D/N € Ty, D/N core free in G/N} and
S = {(N,D/N,AN/N)l N = G! SG/N * Q! (D/N!AN/N) € SG/N}

Theorem 1 (3] Let [Fy be a finite field with q elements and G a finite metabelian group. Suppose
that gcd(q, |G|) = 1. Then a complete set of primitive central idempotents of [F4[G] is given by
the set

{ec(G, AN, D)|(N,D/N ,Ay/N) €S, C € R(Ay/D)}.

Moreover, the corresponding simple component F;[G]e.(G, Ay, D) is isomorphic to
Mig.an1 (IFqG(AN,D))’ the algebra of [G: Ay] X [G: Ay] matrices over the field FQO(AN,D)’ where

o[ay:D](q)

o(Aw, D) = [Ec(An/D):ANT

The groups G of the type G/Z(G) = Z, X Z,, where Z(G) denotes the centre of the group G,
are studied by Goodaire [8,9]. It has been proved in [7], that the finite indecomposable groups
with G/Z(G) = Z, X 7, break into five classes as follows:
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Group | Generators Relations
m m-—1
D, x,yt x2,y2,t27, y Ix " lyxt?" 7, t central,
m=1
m m-=1
D, X,y t x2t™1 y2t71,t27  y~ix~tyxt?" 7, t central,
m=1
m m mq—1
D, ab,x,y a?, by~ x? ", y? 2 b~ '\a  Yhax? ", x,y central,
m;,my, =1
- —_ m m - - mq—1
D, a,b,x,y a’x~1, b2y~ x2", y2"% b~ a thax®"" ", x, v central,
— - m m m —- —- mq-—1
Ds | abxyz|a?y™", b?z7 ", x?",y*"%, 22" b~ a Yhax?"" ", x,y,z central,
m;,m,,m; =1

The complete algebraic structure of F,[G], G of type Dy, D5, is studied in [3]. In this paper, we
will find the complete algebraic structure of F,[G]. G of type Ds.

3. Groups G of type D3
G:=D;=<ab,xy|a?=1b%=1x2"=y2"? =1,a" b~ lab = xzmrl,x,y central in
G >

Theorem 2 Form; = 1, m, = 1 the complete algebraic structure of semisimple group algebra,
F,[G], G of type Ds, is given as follows:

Primitive Central Idempotents
ec(G,G,<x,a>), CeERG/<x,a>);
ec(G,G, < x,b>), CE€RG/< x,b>);
ec (G,G, < x,a,b% >), C € R(G/< x,a,b? >);
ec (G,G, < x,ab? >), C € R(G/< x,ab? >);
ec (6,6,< x* xia,xb? >), C € R(G/< x%,xia,xb? >), 1,j=0,1;
ec(G,G,<x¥,x'a,b>), C € R(G/<x? ,x'a, b >);
ec(G,G,<x¥ ,x'a,x’b >), C € R(G/< x¥ ,x'a,x'b>), 1<v<m;—1,i=0,2""1,
1<j<v-—1, ged(j,2V) = 2V7%;
ec(G,<bx><b>), CERhx>/<hb>);
1—-1

ec(G<axy><ax?™ y>), CERK ax,y>/<ax’ y>).

Wedderburn Decomposition

2V+2 (2 mq

8
Fo[6] 2 Fe® @ (Fr) ™ @7, (Fyr) ™ @© My (F gim,) ™1

where f; = 0,i(q), the order of ¢ modulo 2L i>1.
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In order to find a complete set of primitive central idempotents and Wedderburn decomposition
of F,[G], G of type D5, we need to find all the normal subgroups N of G and the corresponding
Se/n-
Lemma 1 All the distinct normal subgroups of G are as follows:
{e},<y><x 7y >
<x><xa><xb? > <xab? > <xab?>  i=01;
<22 > <x?,xla > < x,xip? >, < x2¥, xiab? >,< x2', xia, b2 >,
2 p2 s 1<v<m—1,j=02"1i=01;
<x% x/b >, < x¥ xlab >, < x¥ xJa,x'h>, 2<v<my—1, j=0,2""1
[ =2v"2%3.2v"2%

b
<x% ,x'a,x

1

Proof: Let N < G be such that NN<x >={e}, thenN =<y >or<x?" "y > or{e}. For
NN<x>=<x>, it is easy to see that N is either <x > or <x,a > or <x,b2i > or
< x,abzi > or < x,c.'.,b25 >i=0,1.

Let us assume that N N < x >=< x2 >, 1< v <m; — 1. Now, N/< x? > is isomorphic to
one of the following: <x > <a<x>>< p? < x >>, < ab? < x >> or <a<x>
,bzi <x>>0<i<1.Let N/<x? >be isomorphic to < x >, then N = < x?' >, further
if N/<x2 >is isomorphic to < a < x >> then N is either < x2' a>or

<x¥,xla>, 1<j <2t Butif ged(j,2%) = 2%, then (x2"a)? = x2“" which will lie in <

x2" xJa > if, and only if, @ = v — 1. Thus j = 2”7, hence in this case , N =< x¥ a>or <

v -1
x% ,x? a>.

Now, if N/<x? >=<b<x>>, then for v=1N/<x?>=<bhb<x>>, and
N=<x%*b> or <x*xb>. Similarly, for 2<v<m;—1, we have N is either
<x¥ b>or<x?,x/b > 1<j<2" 1t Let ged(j,2”) = 2%, then (x2“b)* = x2", which
will lie in <x2",x/b> if, and only if, a=zv—2. Thus, for 2<v<m;—1, N=
<x? x b >or<x?, x3 b > or < x2°, x2 ' >,

Similarly for N /< x2" > =< b2 < x >>, either N =< x2,b% >or < x2,xb%? > or < x2',b% >
or <x2,x?7h?>, 2<v<m;—1. Next, for N/<x? >=<ab<x>>, either
N=<x?ab> o <x*xab> o <x2,ab> or <xZ,x¥ "ab> or

v v-2 v -2
<x%,x* “ab>or<x*,x** "ab>2<v<m -1

2U—1

Further for N/< x2° > =< ab? < x >>, either N =< x%",ab? > or < x2 x? ab? >, 1<
v <my; —1Next, for N/<x? >=<a<x>b<x>> N=<x2axb>, <
x2,xa,xb>, <x¥ ab> <x>,x* ab> 1<v< m—1, <x? xla, x2" b >,

<x¥ xlag,x3" b >, <x xia,x* 'h>, 2<v<my -1, i=0,2""1. Finally, if
N/<x¥ >=<a<x>b><x>>, then N=<x2,a,b?> , <x2,x¥ 'ab?>

v v—1 . _
<x%,x'a,x* b*>1<v<my—1,i=02"1
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Observe that if NN<x>=<x2" >, 0<v<m, — 1then G’ =< x2"*" >C N and
hence G /N is abelian. Thus,
P { (<1>,G/N), if G/N iscyclic,
G/N o, otherwise.
Out of the normal subgroups N, listed above, the following have cyclic quotient with G:

<x,a><xb><xab?><xab? >, i=01;

<x¥ xax? b ><x¥ xia,x3?7hr >, 2<v< m,—1, j=0,2""1
<x¥ a,x* 'b><x¥ xlab> 1<v< m;—1, j=0,2""1;

< x?%,a,xb? >, < x?%, xa, xb? >.

Further, if N = {e}, then S;,y = 0, whereas for N =<y >,

Sev ={(<b>/N,< b,x >/N)},and for N =< x?"" "'y >,

1

Senv ={(€a,x*" 'y >/N,< a,x,y >/N)}.

Hence, the primitive central idempotents of Fq [G], as stated in Theorem 2, are obtained with the help of

Theorem 1.

The Wedderburn decomposition of Fq [G] can now be easily obtained with the help of following table

and Theorem 1.

N (D, An) o(An,D) | |R(An,D)|

2

<x,a> (N,G) fo F

2

<xb> (N, G) 1 1

o

<0x,<a,ib< 1>, (N,G) 1 1

<x,ab > (N,G) 1 1

2

< x,ab® > (N, G) fo 7

<x% xla,x?* b >, 2v-t

Hax (N, 6) Jo

j=072""1, fo

Aryabhatta Journal of Mathematics and Informatics (Volume - 17, Issue - 2, May - August 2025) Page No. 5
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1<sv<sm -1
< x? xla,b >, Jv-1
j=0,2""1, (N,G) fo
1<v<m —1 fo
< x2,xta,xb? >, 2
i=01 (N! G) f2 E
<x? xia,x?"°b >, -1
j = OJZP—I, (N’ G) fv f
2<v<m;—1 v
<x¥ xlaq,x32"%p >, ov—1
j=0,2""1 (N,G) fo 7
2<v<<m—1 v
2m1—1
<y> (<b><bx>) fm,
fm,
Zml—l 2m1—1 2m1_1
<x y > (<ax y><axy>) fm,
fm,

Theorem 3 For m; = 1, m; > 1 the complete algebraic structure of semisimple group algebra,
Fq[G], G of type Ds, is given as follows:

Primitive Central Idempotents

ec(G,G,<x,b>), CER(G/< x,b>);

ec (G,G,( x, ab? >), CeERG/< x, ab? >), 0<i<my;

ec(6.6,<x,ab* >), CeRG/<x,ab* >), 0<i<m,+1;

ec (G,< ax,y>< a,xyzi >), CeER<axy>/< a,xyzi >), 0<i<m,—1;

ec(G,<b,x><b>), CERK b,x>/<b>).
Wedderburn Decomposition

ol pi-1
~ Fire +1

]Fq[G] = Fq(4) 69?;21 (]quHl)( 1) 69::22 ([qui)(
where f; = 0,i(q).

Proof: In order to prove this, we need to find all the distinct normal subgroups of G. Let N be a

_ )
) D M, (F,) ©2 ' Mg (F 5y, it

N
normal subgroup of G such that N N < x >= {e} then clearly N is {e} or < yzi >or < xyzi >

Aryabhatta Journal of Mathematics and Informatics (Volume - 17, Issue - 2, May - August 2025) Page No. 6
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,0<i<m,—1 . Now let us assume that NN<x>=<x>, then N/NN<x> is
isomorphic to <x > or <a<x>>or <bh¥ <x>>or <ab® <x>>or <a<x>

,bzi <x>>,0<i<m, let N/ <x>=<x>, thus N=<x>. If N/ <x>=
<a<x>>, then N =<x,a>. Similarly in other cases N will be one of the following

<x,ab? >, <xb* > <xab? >0<i<m,.
Observe that if N N < x >=< x >, then G/N is abelian and hence

- { (<1>,G/N), if G/N iscyclic,
G/N 0, otherwise.
It can again be seen easily that for N 2 G,N N < x >=<x >, the following have cyclic
quotients with G:

<x,a><xb><xab? ><xab?>, 0<i<m,.

Also observe that for N={e},<y2i >, 1<i<m,—1,5;,y =0, whereas for N=<y >,
Se/y ={(<b>/N,<bx>/N)} and for N=<xy*> , 0<i<my,—1, Sgu=
(< a,xy? >/N,<a,x,y >/N)}.

The primitive central idempotents stated in Theorem 3 are thus obtained with the help of Theorem 1.
To find the Wedderburn decomposition of [F,4[G]. we compute the required parameters
0(Ay,D) and | R(Ap, D) | as follows:

N Sa/N o(Ay, D) |R(Ay, D) |
<x,ab> {(<1><1>)} 1 1
<x,b> {(<1>G/N)} 1 1
2! 2:'—1
<xabm >, {(<1>,6/N)) f il
1<i<m,+1 fi
< x,ab? > oi
’ ! <1>0G/N i
l<i<m, {( /N)} fiv1 o
<y> {(b>/N,< b,x>/N)} 1 1
< xy? >, ot 2!
<a, > N:< X,y > N ]
Leiom 1 |(Caxy?>/N<axy>/M}|  fu —

With the help of this table, the Wedderburn decomposition of Fq [G], as stated in Theorem 3, is obtained.

The proof of the following theorem is similar to the previous one, so we omit the details here.

Theorem 4 Let my,m; > 1. Then (i) For my = m,, the complete algebraic structure of
semisimple group algebra [F,[G] is given as:

Primitive Central Idempotents

Aryabhatta Journal of Mathematics and Informatics (Volume - 17, Issue - 2, May - August 2025) Page No. 7



ISSN : 2394 - 7139
ec(G,G,<x,a>), CERG/<x,a>);
ec(G,G,<x,b>), CeR(G/< x,b>);
ec (G, G,< x,a,b? >), C E:R(G/( x,a,b? >), 1<i<my;
ec (G,G,-(x,abzi >), C e fR(G/< x, ab? >), 1<i<mg;
eC(G,G,< %, x7a, b >), Ce ﬂ(6/< x2,xla, b >), 1svsm;—1,j=02""
ec(G,G, < x?' ,x*a,x'b >), C € R(G/< x¥ ,x*a,x'b>), 1<v<m;—1,
ged(j,2Y) = 1, k=0,2""1;
ec (G, G, < x%, x*a,x/b?* >), CeERG/<x¥ xka,xb? >), 1<v<m, —1,
ged(j,2)) =1, 1<B<m+1—-v, k=0,2""%;
ec(G,<b,x><b>), CERKbx>/<b>);
ec(G.<axy><axly>), CeR(<axy>/<axly>), ged(j,2") =1

Wedderburn Decomposition

21 2V

,2v—p-1
f) ®m1—1 ([quv)(fV) @ml_l E;%] (quv) fy )

v=2 v=1

F,[G] = F,© @™+t (Iﬁqf,)(

=2

22V+B—1 ,mi—1

Gy P ([quﬁ+v)( ey )ea Mz(ﬂ:qul)( m

)@

(i1) For m >m,, the complete algebraic structure of semisimple group algebra Fq[G] is given as:

Primitive Central Idempotents
ec(G,G,<x,a>), CER(G/<x,a>);
ec(G,G,<x,b>), CeER(G/<x,b>);
ec (G,G,<x,a,b2£ >), C ER(G/< x,a,b? >), 1<i<my;
ec (G,G,<x, ab? >), Ce £(6/< x, ab? >), 1<i<my;
ec(G,G,<x¥,x'a,b>), CeER(G/<x¥,x'a,b>), 1<v<my—1,j=02"";
eC(G,G, < x2, x*a,xTh >), CeRG/< x¥ x*a,x/b>), 1<v<m —1,
ged(f, 2Y) = max{1,2v ™71}k =0,2V7L;
ec (G, G, < x2", x*a,xI b2’ >), CeRG/< x2 xka,x/p?* >), 1<sv<m; —1,
ged(j,2¥) =1, 1<B<m,+1—-v, k=0,2""%
ec(G,<b,x><b>), CERK b x>/<b>);
eC(G,< a,x,y>< a,xjy >), C e R(( ax,y>/< a,xjy >), ged(j,2%) =

max{1,2M~mz},
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Wedderburn Decomposition

21 2v

,2v—B
[Fq[G] = T, (6) eam2+1 ( qfi)(Fi) EB?J; (quv)(ﬁ) ea\r’n:zl \B»';l0 (Iquv)( fy )

(sz—ﬁ—1) (22v+ﬁ 1)
my—1 v—1 f, m2+1—v f
69\r=1'r12+1 B=v-m,-1 (IF fz) Y 69 @ ([qu[3+v) prv

e,

2My—

@ MZ(quml )(

(i1)) Form,>m,, the complete algebraic structure of semisimple group algebra Fq [G] is given as:

Primitive Central Idempotents
ec(G,G,<x,a>), CeER(G/<x,a>);
ec(G,G,<x,b>), CER(G/< x,b>);
ec (G,G,<x, a,bzi >), C EfR(G/< x,a,bzi >), 1<i<my;
ec (G,G,<x,abzi >), Ce ﬂ(G/< x, ab? >), 1<i<my;
eC(G,G,< x% xJa,b >), C e .ﬁ(G/( x2 xJa, b >), j=0,2""1;
eC(G,G, < x% xka,x/b >), CeRG/<x? xka,x/b>), 1<v<m —1,
ged(j, 2Y) = max{1,2v""m2"1}, k =0,2v7L;
ec (G,G,< x2°, xka, xJ b2’ >), CeRG/< x?" xka,x/b?* >), 1<v<m;—1,
ged(j,2Y) =1, 1< <m,+1—-v, k=0,2""%
ec(G,<b,x><b>), CERKbx>/<b>);
eC(G,< a,x,y><axly >), C e .‘R(< a,x,y>/<axly >), ged(j, 2v) = 2P,
0<p<v-—-1;
ec (G, <axy>< a,xi"yZJB >), C € IR(< ax,y>/< a,xJ"yZJB >), ged(j,2Y) =1,

1SﬁSm2—m1.

Wedderburn Decomposition

21

2¥ 22vht
F,[G] = F, (6) ®m2+1( ql)(f_i) @ml—l (IF' fv)(_) 8931:1_1 B 1 (IF' fv) fy )

22V+R-1 ,mi—1

@ml_l@mz‘Fl v (]quﬁw)( fatv ) o) Mz(Iquml)(W)(zml)

(22m1+[3—2)
m,—m f,
@ 2 1 Mz(Iqum1+5) mq+B
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ABSTRACT

4 N\

Rhotrix theory deals with array of numbers in rhomboid mathematical form. The graphical representation
ofthotrix of dimension n is known as rhomtree. In this paper the degree based indices of rhomtrees and line

graph of thomtrees are computed.

Keywords: first Zagreb index, forgotten index, hyper Zagreb index, irregularity index, Rhotrix,
second Zagreb index.

1.INTRODUCTION

Let G (V, E)be a simple undirected graph. In the field of chemical graph theory and in mathematical
chemistry, a topological index, also known as a connectivity index, is a type of a molecular descriptor
that is calculated based on the distance between the atoms of molecular graph. Topological indices [3]
are used for example in the development of quantitative structureactivity relationship (QSAR) and
quantitative structure - property relationship (QSPR) in which the biological activity or other properties
of molecules are correlated with their chemical structure. Among different topological indices, degree-
based topological indices are most studied and have some important applications in chemical graph
theory [8]. In [7] it was reported that the first and second Zagreb indices are useful in anti-inflammatory
activities study of certain chemicals. In the same paper the F-index was introduced which is the sum of
the cubes of the vertex degrees. In [4, 6], the authors reinvestigated the index and named it forgotten
topological index or F-index. The F-index is defined as F(G)= ";” L dc(u)2+ dG(V)ZJ . In[4] thisindex is
studied for different graph operations and in [5] the co-index version is introduced. Albetson in [2]

defined another degree based topological index called irregularity of G as
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I G) = > |d.(u)- dc(‘“'j . The first and second Zagreb indices of a graph are denoted by

uwe (G

M (G) andM3(G) and are, respectively, defined asM, (G)= Z [dc(u)+ d G(V)] and

wmeE(G)

M; (G) = Z[d G(u) d G(V)]. These indices are one of the oldest and extensively studied

uve E(G)

topological indices in both mathematical and chemical literature; for details interested readers are
referred to [10]. Shirdel et al. [13] introduced a new version of Zagreb index and named as

hyper-Zagreb index, which is defined as HM (G)= 2. [d G(U)+d G(V)] -
uve E(G)

Construction of Rhomtree

The structure of n-dimensional rhotrix is as follows:

i
321 Gl alz
331 CZI 322 GZ 813

R={ a. c. h(R) Cu

aﬂ—z Cf—ll—z al‘—lf—l Cf—z.('—l a:‘—z:‘
a:‘ffl C!*l:‘*l af*lf
ah‘

where aji, a2, ... a; denote the major entries and ¢y, Cy2, ... ¢iC1 in R, denote the minor entries
of the rhotrix by sani [11,12]. A Rhotrix would always have an odd dimension. Any n-
dimensional Rhotrix R, will have | R = % (n? + 1) entries by Ajibade [1] andn € 2Z* + 1. A
heart of a Rhotrix denoted by h(R) is defined as the element at the perpendicular intersection of
the two diagonals of a Rhotrix. Let R(n) be a set consisting all real rhotrices of dimension n €
2Z% + 1 and let R(n) be any rhotrix in R(n). Then the graphical representation of rhotrix R(n) is
a rhomtree T(m), with m = %(n2 + 1) number of vertices and %(n2 — 1) number of edges,
having four components of binary branches and each component is bridged to the root vertex by

one incident edge.
If n=7, then R(7) is a set consisting of all real rhotrices of dimension three and let R(7) be any

element in R(7) given by
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GS alrl
Az

with rj3 = h(R) is the heart of the rhotrix. If we take each entry in R(7) as a node point and
connecting all of the entries as network of twenty five vertices using a particular pattern or style
for the construction, in such a way that the heart vertex will serve as the root of the tree while the
non heart vertices will serve as branches, then a rhomtree T(25) corresponding to the rhotrix R(7)

is obtained and shown in Fig.1.

aq3
a4 (L
fig.1 Rhomtree T(25)

The line graph of [T (25)] is given in Fig.2
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0]

fig.2 L(T(25))

Let G=T(m) be the rhomtree of order m=% (n? + 1). The partitions of the vertex set V (G) are

denoted by V; (G), where veV;(G) if d(v)= i. Thus the following partitions of the vertex set are
obtained.

Vi= {veV(G): d(v)=1},V3= {veV(G):d(v)=3} and V4= {veV(G):d(v)=4}

From the structure of rhomtree, the cardinality of V;, V3 and V, are given below:

| Vi =i (n®+7), | V3l =§ (n*-9) and Vi = 1

The edge set of G can also be divided into three partitions based on the sum of degrees of the end
vertices and it is denoted by E| so that if e = uv €Ejthen d (u) + d(v) = j for 8(G) < j < A(G).
Thus the edge set of G is the union of E4, E¢ and E;. The edge sets E4, Eg and E7, which are
subsets of E (G) are as follows:

Es={e=uveE(G):d(u)=1, d(v)=3}, Eg={e=uveE(G):d(u)=3, d(v)=3} and

E7;= {e=uveE(G): d(u)=3, d(v)=4}.

In this case from direct calculations, the cardinality of E4, E¢ and E7 are respectively% (n2+7),

% (n®-25) and 4. The partitions of the vertex set V (G) and edge set E (G) are given in Table 1 and
Table 2 respectively.

Vertex Vi Vs V4
partition

Cardinality i(nz +7) i(nz_g) 1

Tablel: The vertex partition of Rhomtree T (m)
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Edge E,4 E¢ E;
partition

Cardinality | 1 n217) |1 (n%25) |4
4 4
Table 2: The edge partition of Rhomtree T (m)

Similarly the vertex set and edge set of line graph of rhomtree can be partitioned. The partitions
of the vertex set of L (G) are given by

V, = {veV(L(G)): d(v)=2},V, = {ve V(L(G)):d(v)=4} and V5 = {veV(L(G)):d(v)=5}.

£ #® £

Vertex V, V4 Vs
Partition of L(G)

Cardinality % 0%+7) :1} (n%-25) | 4

Table 3: The Vertex partition of L (T (m))

The partitions of the edge set of L(G) are given by

E, ={e=uveE(L(G)): d(u)=2, d(v)=2}, Es ={e=uveE(L(G)) :d(u)=2, d(v)=4} and
E; ={e=uveE(G): d(u)=2, d(v)=5}, Eg ={e=uveE(G): d(u)=4, d(v)=4}

Eo ={e=uveE(G): d(u)=4, d(v)=5}, Eio ={e=uveE(G): d(u)=5, d(v)=5}

Ed * * ® * *

Edge partition E4 Es E7 Eg Eg Em
of L(G)

Cardinality | n-1 % (n%-4n+7) | 2 i(nz +4n-69) | 6 | 6
Table 4: The Edge partition of L (T (m))

2. F-index, irregularity index of T(m) and L(T(m))
Theorem 2.1 The F- index of Rhomtree T (m) is given by F (G)= ;(7132 +5)

Proof F index of rhomtree T (m) is

Fo= X dG(U)Z +dg (V)Z]

uveE(G)
) [dc(u)2+dG(V)2]+ ) [dc(u)2+dc(v)2]+ ) [dG(u)2+dG(v)2]
uveE4 uveEﬁ uveE7
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| E|(10)+ | E|(18)+ | E5|(25) - ( +7)10)+ (n - 25)18)+4(25) = ;(7n2+5)
Theorem 2.2 The F index of Line graph of Rhomtree L (T (m)) is given by
F (L (T(m))) = 18n*+114

Proof The F-index of Line graph of T (m) is

2 2
F(L(G)= Y~ |d d
(L(G) WEE(G)[ cly) +dp(v) |

= Z*[dc(u)2+dG(V)2]+ Z*[dG(U)2+dG(V)2]+ Z*[dG(U)2+dG(V)2]+
UVEE4 UVEEG UVEE7

2 2 2 2 2 2
T ldg@ +dgm 1+ T g +dgM 1+ X lde® +dgm)]
HVEE8 uveEg uveElO

)= £ |(20) + |7 |(20) + | g (32) + | g (41) + | 1o (50)

= (n-1)8)+ (n 4n+7}zo)+2(29) (n+4n—69)32)+6(41)+6(50)=18n2+114.

*
Ejp

%
Eq

*
Eg

®
Eq

*
Eg

*

Theorem 2. 3 The th1rd Zagreb index or uregularity index of Rhomtree T (m) is given by
fir (T (m))= (n +15)

Proof The irr- mdex of T (m) is

i (C) = VEE ‘dc(u) d )
= *|dc(u)fdc(v)|+ S |ac@-de|- T |de@-dew
LIVEE4 LIVEEG LIVEE7
|Ea|@ + |Es|(0) + | 7]() = L (n 7))+ (n ~25)0)+4(1) z(n +15)

Theorem 2.4 The third Zagreb mdex or lrregularlty index of Line graph of Rhomtree L (T (m))
is given by iir (L. (T(m)))= n‘-4n+19
Proof The irr-index of Line graph of 1" (m) is

L) = T ldgW-doO|+ T ig-do|+ T lagw-dot+ T |do@-dgt|+

L!'VEE4 HVEEB UVEE7 HVEES
2 |igw-dgu+ T, |agti-dg0
uveEy uvek,

=\E"|0)+|E*|(2 +|E)3 ++\E*| )+ | E;|1)+] B, |©)

= (n-10)+ (n —dn+7)2)+2(3)+ (n +4n-69)0)+6(1)+6(0) = n>4n+19
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3. First, Second Zagreb index and hyper Zagreb index of Rhomtree and Line
graph of Rhomtree

Theorem 3.1 The First Zagreb index of Rhomtree T (m) is given by M, (T (m)) = g(nz - 1)

Proof The M;-index of T (m) is
= d d
Mi(6) =, 5 ldc - ag]

= 2 . [dG(u) + dG{V)]+ )y . [dG(u) + dG(v)]+ b . [dc{u) + dG(V)]

uveE 4 UVEEG UVEEI

16)s

Eg

=|E;‘(4)+

E;|(7) 4(11 +7X4 (n —ZSXB +4(7 Z(Hz —1)

Theorem 3.2 The First Zagreb index of Line graph of Rhomtree L (T (m)) is given by
M; (L (T(m)))= 5n+7

Proof The M;-index of Line graph of T (m) is

M (G) - uve%(c) [dG(U)+ dG(V)J

= Z*[dG(u)+dG(v)]+ E*[dc(u)+dG(v)]+ Z*[dc(u)+dG(v}]

uveE4 UVEEG uveE7

+ Z*[dc(u)+dG{V)]+ Z*[dc{u)+dG{V)]+ Z* [dG(u)+dG(v}]

uveEg uveEg uveElO
)+

(n-1)(4) +~ ( > _4n+7)6)+ 2(7)+i(n2 +4n—69)8)+ 6(9)+ 6(10) = 5n’+7

E,|(6)+|E;|(7)+|E5|(8)+

E E |a0)

10

Theorem 3.3 The Second Zagreb index of Rhomtree T (m) is given by M, (T(m)) = 3(112 —1)
Proof The M;-index of T (m) is

- Yld.wd.0]

ueE(G)

= I dgdgW+ T _dgdg+ T dgwdg()
UVEE4 uveE6 uveE7

=|E}[(3)+| £ (9) +|E;‘\(12)

4(n +7)3)+ 4(1} ~25)9)+4

= 3(n*-1)
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Theorem 3.4 The Second Zagreb index of Line graph of Rhomtree L(T(m)) is given by

M, (L(T(m)))= 8n°+4n+38

Proof The M;-index of line graph of T(m) is

M. (G) = ch

e F(G)

= Z*dc(u)dc(v)+ Z*dc(u)dc(v)+ Z*dc(u)dc(v)+ Z*dc(u]dc(v)

uveeE4 UVEES UVEE7 UT”EEB
+ X de@dg(W+ L dglwdg(
uvely uvely
=| B, (4)+| E; |(8)+ | E;|(10)+ | E5|(16)+ | B |(20) +| By [ (25

= (n-1)4)+ z(n —4n+7)8)+2(10)+ i(nz+4n—69116)+6(20)+6(25) - 8n%+4n+38

Theorem 3.5 The HM index of Rhomtree T(m) is given by HM(T(m))= 131" -1
Proof The HM-index of T(m) is

HM (G) = ) [d.(u) +d,(u)]°

e E(G)

b *[dG(H) + dG(V)]z + 2 *[dG(u) - dG(V)]Z + 2 *[dG(u) - dG[v)]z

uveE4 UVEEG HVEET

-|E,|(16)+| E;|(36) +| £; (n +7)16)+ (n ~25)36)+4(49) =13 1" —1

Theorem 3.6 The HM index of Line graph of Rhomtree L (T(m)) is given by
HM (L(T(m)))= 34n"+8n+190
Proof The HM-index of line graph of T (m) is

ML©)= Yld(w)+d, @)’

me E(G)

> R [dG(u) + dG(V)]2 + X X [dG(u) + dG(V)]Z + X . [dG(u) + dG(V)]Z
LrvrsE_,_1 uveEG uveE;

2*[dG(u)+dG(v)]2+ Z*[dc(u)+d6(v)]2+ Z* [dG(u)+dG(V)]2

UVEFS HVEEQ [H/EElO
=|E;[(16)+| E; |(36)+ | E; |(49) + | Ey|(64) + | E; | (81) + |E7,|(100)

= (n-1)16)+ 2(n —4n+7)36)+2(49)+ i(nz+4n-69)(64)+6(81)+6(100) = 34n%+8n+190
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Conclusion

The molecular name for T(25) is 4,4- Bis-(1-isopropyl-2-methyl-propyl)-2,3,5,6-tetramethylheptane
and that of T(41) is 4-(1-Isopropyl-2-methyl-propyl)-5-[ 1-(1-isopropyl-2-methylpropyl)-2,3-dimethyl-
butyl]-2,3,6,7,8-pentamethyl-5-(1,2,3-trimethyl-butyl)-nonane. In chemical graph theory, topological
indices provide an important tool to quantify the molecular structure and it is found that there is a strong
correlation between the properties of chemical compounds and their molecular structure. Among
different topological indices, degree-based topological indices are most studied and have some
important applications. In this study, degreebased topological indices are calculated for rhomtrees and

line graph of thomtrees.

References

[1] Ajibade, A.O, “The Concept of Rhotrix in Mathematical Enrichment”, International journal of
Mathematical Education in Science and Technology, 34, 175-179, 2003.

[2] Albertson. M.O, “The irregularity of a graph, ” Ars Combinatoria, vol. 46, pp. 219-225, 1997.

[3] Basker Babujee.J and Ramakrishnan.J, “Topological indices for Graphs and Chemical
Reactions”, proceedings of ICMCS, pp. 81-88, 2011.

[4] De.N, Nayeem.S.M.A, and Pal. A, “F-index of some graph operations,” Discrete Mathematics,

Algorithms and Applications, vol. 8, no. 2, Article ID 1650025, 17 pages, 2016.

[5] De.N, Nayeem.S.M.A, and Pal.A, “The F-coindex of somegraph operations,” SpringerPlus, vol. 5,

article221, 2016.

[6]Furtula.B and Gutman.I, “A forgotten topological index”, Journal of Mathematical Chemistry, vol.

53,no.4, pp. 1184-1190, 2015.

[7]Gutman.l and Trinajsti c.N, “Graph theory and molecular orbitals. Total ¢-electron energy of
alternant hydrocarbons” Chemical Physics Letters, vol. 17, no. 4, pp. 535-538, 1972.

[8] Hall L.H, KierL.B, “Molecular connectivity in chemistry and drug research”, ityplaceBoston:

Academic Press (1976).

[9] Mili‘cevi'c.A, Nikoli'c.S, and Trinajsti’c.N, *“ On reformulatedZagreb indices,” Molecular
Diversity, vol. 8, no. 4, pp. 393—399, 2004.

[10] Nilangan De, “Research Article On Molecular Topological Properties of TiO2 Nanotubes”
Hindawi Publishing Corporation Journal of Nanoscience, Volume 2016, Article ID1028031,

http://dx.doi.org/10.1155/2016/1028031, pp: 1-5.

[11] Sani, B, “An Alternative Method for Multiplication of Rhotrices”, International journal of
Mathematical Education in Science and Technology, 35, No.5, 777- 781, 2004.

Aryabhatta Journal of Mathematics and Informatics (Volume - 17, Issue - 2, May - August 2025) Page No. 20



ISSN : 2394 - 7139
[12] Sani, B, “The Row- Column Multiplication of High Dimensional Rhotrices”, International journal
of Mathematical Education in Science and Technology, 38, No.5, 657- 662, 2007.
[13] Shirdel G.H, Rezapour.H, and Sayadi A.M , “The hyper Zagreb index of graph operations,”
Iranian Journal of Mathematical Chemistry, vol. 4, no. 2, pp: 213-220, 201 3.

Aryabhatta Journal of Mathematics and Informatics (Volume - 17, Issue - 2, May - August 2025) Page No. 21



ISSN : 2394 - 7139

ANALYSING AMINO ACIDS IN HUMAN GALANIN AND
ITS RECEPTORS - GRAPH THEORETICAL APPROACH

Suresh Singh G.a and Akhil C. K.b
aDepartment of Mathematics, University of Kerala,
Kariavattom, Thiruvananthapuram — 695581, Kerala, India,

bDepartment of Mathematics, University of Kerala,
Kariavattom, Thiruvananthapuram — 695581, Kerala, India,

Acknoldgements
We wish to thank Dr Achuthsankar S. Nair, Head of the Department, Department of Computational
Biology and Bioinformatics, University of Kerala, Thiruvananthapuram along with the faculty

members, Vijayalakshmi B. and Biji C. L. for their fruitful suggestions and constant encouragements.

ABSTRACT

/ N
Graph theoretical analysis is an important area of research in biological networks. In this work we define
some new graphs called bipartite Pt-graphs and their physicochemical subgraphs for peptides/proteins
and their receptors based on the physicochemical properties of amino acids. Here we analyze bipartite
Ptgraphs and their physicochemical subgraphs of human galanin and its three receptors graph
theoretically. From the graph theoretical analysis of bipartite Ptgraphs and the physicochemical subgraphs
we get some observations about the relations among the amino acids, physicochemical properties, galanin
and its receptors. By a graph theoretical parameter of physicochemical subgraphs we get all the collections
of maximum independent pairs of amino acids which connect the galanin and receptors by sharing exactly
n (n = 1,2,3,...) common physicochemical properties. These analyses can be used to study all the
relationships between peptide/protein ligands and their receptors and this may help in the field of drug
designing.
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1.INTRODUCTION

Proteins are polymers of amino acids, with each amino acid residue joined to its neighbour by a specific
type of covalent bond [3]. Twenty different types of amino acids are commonly found in peptide/protein.
The sequence of amino acids in a protein is characteristic of that protein and is called its primary
structure [3]. Peptides/proteins are the compounds of amino acids in which a carboxyl group of one is
united with an amino group of another. Neuropeptides are peptides formed and released by neurons.

They are involved in a wide range of brain functions.
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Galanin is a neuropeptide of 30 amino acids in humans and 29 amino acids in other species [4]. It is
expressed in a wide range of tissues including the brain, spinal cord and gut. Its signaling occurs through
three G protein-coupled receptors. It is linked to a number of diseases including Alzheimer’s disease,

epilepsy, depression, eating disorders, cancer, etc.

In [7], we can see so many graph theoretical applications in various fields. Amino acid network with in
protein was studied by S. Kundu [5]. By using some physicochemical properties (Hydrophobicity,
Hydrophilicity, Polarity, Non-polarity, Aliphaticity, Aromaticity and Charge (Positive and Negative)) of
amino acids, the amino acid network was studied by Adil Akthar and Nisha Gohan graph theoretically
[1]. The centralities in amino acid networks were used by Adil Akhtar and Tazid Ali [2]. By using the
concept of amino acid network we defined and analysed the peptide/protein graph (Pt-graph) and species
peptide/protein graph (SPt-graph) of galanin present in fourteen species of animals graph theoretically
[6]. In this work we define and analyse new graphs - bipartite Pt-graphs and physicochemical subgraphs
(physicochemical propertywise) - of human galanin and its three receptors on the basis of the
physicochemical properties of amino acids. The maximum matching of physicochemical subgraphs is
done to get all the collections of maximum independent pairs of amino acids which connect the galanin
and its receptors by sharing exactly n( n=1,2,3,...) common physicochemical properties of amino acids.
This method can be applied for all relationships between peptides/proteins and their receptors and this

may help in the field of drug designing.

2. Basic Concepts of Graph Theory

Definition 2.1: A Graph [7] G is a pair G = (V, €) consisting of a finite set 1V and a set £ of 2-
element subsets of V. The elements of V are called vertices and elements of £ are called edges.
The set V is known as the vertex set of G and £ as the edge set of §. Two vertices u and v of §
are said to be adjacent, if an edge join u and v, and two edges are adjacent if they have common
vertex. The number of vertices in a graph § is called its order and the number of edges is its size.
A graph with p vertices and g edges is said to be a (p, q) graph.

Definition 2.2: Centrality measures in Graphs [2] are the vertex representation which gives the
relative importance within the graph. A centrality is a real-valued function f which assigns every
vertex v € V of a given graph G a value f(v) € R.

Definition 2.3: Let G be an arbitrary (p, q) graph. M' € £(§) is said to be a matching in G if its
elements are links in § and no two elements of M are adjacent in G. M is said to be a maximal
matching if there exists no matching M "of G with | M | > |M|. An edge e € E(v) is said to be
matched under M (resp. unmatched under M) ife € M (resp. if e € M). A vertex v is said to
be saturated by a matching M (M - saturated) or matched vertex with respect to M if v is
incident with an edge of M. Otherwise, the vertex is said to be unsaturated by M (M -
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unsaturated) or a single vertex with respect to M. A matching M of a graph G is said to be a
perfect matching if all the vertices of G are saturated by M.

Definition 2.4: A Pt-graph is defined as a graph G = (V,£) of a peptide/protein in which the
vertex set, V is the collection of all different amino acids presented in the peptide/protein and
weight of a vertex in G is the number of times it appears in the sequence of the peptide/protein.
Two vertices are said to be adjacent in § if they are consecutive elements in the sequence and
also have at least one common physicochemical property.

For all terminologies and notations not mentioned in this work, we follow [7] (related to graph
theory) and [3] (related to biology).

Remark: Weight of a vertex implies the frequency of occurrence of a specific amino acid in a
sequence. Obviously greater the weight of a vertex of a Pt-graph implies greater the
characteristics of those particular amino acid can be attributed to the peptide/protein. Also the
centrality measures of a Pt-graph help us to determine the number of amino acids possess inter-
relationships with each other.

3. Bipartite Pt-graphs and physicochemical subgraphs of human galanin and its receptors

In this section we define some new graphs called bipartite Pt-graphs and physicochemical subgraphs for
peptides/proteins and its receptors. Also we construct and analyze bipartite Ptgraphs and their
physicochemical subgraphs of human galanin and its receptors using C -sets of corresponding Pt-

graphs.

efinition 3.1: A bipartite Pt-graph is defined as a simple bipartite graph ¢ =(v,€) ofapeptide/protein and
its receptors with x and y as the partitions of the vertex sets of the corresponding Pt-graphs of the
peptide/protein and its receptors respectively. Two verticesx € X and y € y are said to be adjacent if

they have atleast one common physicochemical property.
Definition 3.2: A C-set of a Pt-graph of a peptide/protein is defined as the subset of the vertex set whose
elements are the amino acids which recieve the highest centrality measures for each physicochemical

properties of amino acids.

Pt-graphs of human galanin and its receptors
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Figure 1: Pt-graph of human galanin
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Figure 2: Pt-graph of receptor-1
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Figure 3: Pt-graph of receptor-2
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Figure 4: Pt-graph of receptor-3

From Pt-graphs we get the C-set from the highest centralities of amino acids for each
physicochemical property. For human galanin, G5 (Hydrophoic and Non-polar), S4 and N3
(Hydrophilic and polar), Ls; (Aliphatic), ¥; and W; (Aromatic), H,,K; and R; (Positive), D,
(Negative) are the amino acids which receive the highest centralities. Hence the C-set for the galanin is
{Gs,S4,N3, Ly, Y1, Wy, Hy, K1, Ry, Dy }. Similarly we get the C-sets for the Pt-graphs of receptor-1,
receptor-2 and receptor-3. Then the C-set for receptor-1 is {429, N14, S32, Lag, F25, K20, E19}, C-set
for receptor-2 is {Ase,S25,V30,F17, Ry7, Dg, I1ig, Wg} and C -set for receptor-3 s
{Aes, G32, Pas, S19, Lso, Fg, Rag, Eg, Do, Vg }-

Next we analyse the bipartite Pt-graphs of human galanin and its receptors.

Bipartite Pt-graphs of human galanin and its receptors

Figure 5: Bipartite Pt-graph of galanin and receptor-1
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Figure7: Bipartite Pt-graph of galanin and receptor-3

Definition 3.3: Physicochemical subgraphs }fki(for i=123,..) of a bipartite Pt-graph G of a
peptide/protein and k receptors is defined as a subgraph whose vertex sets are same as that of G and
two vertices in the different partitions are adjacent if they have exactly i common physicochemical
properties.

Remark: Let G = (V, £) be a bipartite Pt-graph of a peptide/protein and its k receptors with X'and Y as
the partitions of the vertex sets and let }fkf(x,'yi), where Y; €Y (for i =1,2,...,n) ben

physicochemical subgraphs,
(| vw=0amd [ w=v

Then,
i=1,2,3,.n i=1,23,.n
Next we analyse physicochemical subgraphs of bipartite Pt-graphs of human galanin and its receptors.

The dark edges indicate the maximum matching for physicochemical subgraphs as given below.

Physicochemical subgraphs of galanin and receptor-1

Gs 5, L, Yy W, H, K, R, Dy N3

Az Nig  S3z Ly Fxs Kz Ewo

Figure 8: Hll subgraph
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Azg  Nyg Sz Ly Fas Ky Ego

Figure 9: H1 2 subgraph

Azs  Nys  S32 Ly Fapg Kry Ego

Gs Ss L, Yy W, H, Ky Ry Dy N,

Azg  Nyy  S3zz Lyg  Fas Ky Eyo

Figure 11: H 1 4 subgraph
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Physicochemical subgraphs of galanin and receptor-2

Gs 53 Ly Y, W, H, K; R, Dy Ny

Ase  S2p Vio Fiz Rz Dg Iz W

A Sag Vo Fyz7 R.; Dg Iig Ws

Figure 14: H23 subgraph
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Ase  Sag Vo Fyq Ry; Dg Iyg W

Figure 15: H24 subgraph

Physicochemical subgraphs of galanin and receptor-3

G S Ly Y, W, H, K, R Dy N,

Figure 16: . ! subgraph

Figure 17: H. 2 subgraph
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Pas S15 Lso Fis  Ras Eg Dy Vag

Figure 18: H33 subgraph

Ry D, N,

Figure 19: H34 subgraph
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Next we obtain the maximum matching of H,' subgraphs of bipartite Pt-graphs of human galanin and its

receptors. Table 1 represents all the collections of maximum independent pairs of amino acids which

connecting the human galanin and its receptors by sharing exactly i(i=1,2,3,4)

physicochemical properties.
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Maximum matching of H,' subgraphs

Receptors k ! subgraphs 2 subgraphs H,2 subgraphs | H P subgraphs

(Gs, Lo ), (Ly, Azo),

(Gs,K20), (Sa, Lag), | (Gs, Nia), (Sy, Ayg), (Gs, Azg), (Sy, Nia),
(W, Fz35), (Hy, Kzp),
k=1 (L41 332), (Yp El[})l (Yp L4D )1 (W11 532)1 (L41 Lw ); (K11 KZD)J
(KDNM-); (R].JS32)J
(Hy, Fy5), (K1, Az) (H2,Eqp) (D1, E1p), (N3, S32)
(N3, Eqp)

(65; DS)J (Sz]-r V30)1
(54,A46), (La, W), | (Gs,115), (Ly, Ags), | (G5, Agg), (Ly, 115),
(L4, S25), (W1, Rp7),

k = 2 (Yl»flﬁ)y (Wll V30)' (W11 Fl?)w (H21 RZT); (Yp WB)» (Kp RZ?)r

(HZ» Fl?)' (Kl» WB);
(Ha,823) (K1,528), (Ry,Dg) | (Dy,Dg), (N3, Szg)
(D1, Agg), (N3, L1g)

(GS» DQ); (541 LSO);

(Gs, Lsp), (Sq, Vag),

(Ly, S19), (Y1, R39), | (Gs,S19), (S, Ass), (Gs, Ags), (Ly, Vag),
(L4, Ags), (W1, Fis),
k —_ 3 (Wll ES)J (HZJ F]_5), (er VZB)J (W11 LSU); (K]_, R39)n (D]JES)J
(H3, Rs9), (K1, S19),
(K1, 4¢s), (R1,G32), | (Hy, Eg), (N3, Ps) (N3, S19)

(R, Eg), (N3, Do)
(Dy, P25), (N3, Vag)

Table 1: Maximum matching of H, subgraphs of human galanin and its receptors

Let G, (X, Y,) (for receptors k = 1,2,3) be three bipartite Pt-graphs of human galanin and its
receptors, where X is the vertex set of Pt-graph of human galanin and Y;, Y, and Y3 are the vertex sets

of Pt-graphs of receptor-1, receptor-2 and receptor-3 respectively. Also let }(ki (X,Y,) be the
physicochemical subgraphs of G, (X, 1, ), where i indicates the number of common physicochemical
properties of amino acids. Also let we denote the amino acids with physicochemical properties as

P, = Hydrophobic, P, = Hydrophilic,

P,* =Polar, P,” = Non-polar,

Pyt = Aliphatic, P;~ = Aromatic, P;” = Neutral (aliphatic nor aromatic),

P," = Positive charge, P, = Negative charge, P,° = Neutral in charge.

By analysing H, subgraphs, we get some observations about the physicochmical property-wise

connections of amino acids of galanin and its receptors.

Observation 3.1: In the analysis of the bipartite Pt-graphs of human galanin and receptors, we
obtain Ny, S3; (in receptor 1), Spg, Wy (in receptor 2) and S19 (in receptor 3) are the amino acids
which receiving all highest centralities. Also we obtain G5, S4,Y;, W, and N; are the common
amino acids of human galanin which receive the highest centralities in all the bipartite Pt-graphs.

Observation 3.2: In the physicochemical subgraphs with amino acids sharing exactly one common

property, the connections of amino acids of galanin to receptor-1, receptor-2 and receptor-3 are
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+

(1) P, is not connected with P;* and P, is not connected with P~

(2) P, is not connected with P, .

(3) P3+ is not connected with both P3Jr and P; but P; is not connected with P3+.
(4) P,* and P,” are not connected with both P, and P,~.

Observation 3.3: In the physicochemical subgraphs with amino acids sharing exactly two
common properties, the connections of amino acids of galanin to receptor-1 and receptor-3 are

(1) P1+ and P; are connected with both P1+ and P; .
(2} P, isnotconnected with P, .
(3) P;7 is not connected with, P;*, P;~ and P3°
P;~ is not connected with P;~
P30 is not connected with P; and P;~.
(4) P," is not connected with P,

P, is not connected with P4+, P, and P40
P,% is not connected with P,* and P, .

Observation 3.4: In the physicochemical subgraphs with amino acids sharing exactly two
common properties, the connections of amino acids of galanin to receptor-2 are

(1) P1+ and P; are conected with both P1+ and P; .
(2} P, is not connected with P, .
(3) P3+ is not connected with P3+ and P30

P;  is not connected with P;

P30 is not connected with Py *.

(4} P, is not connected with P,
P, is not connected with P4+, P, and P40

P40 is not connected with P4Jr and P, .

Remark: In the physicochemical subgraphs with amino acids sharing exactly two common properties,
the amino acids P,” and P,” of galanin are conncted with the amino acids P, of receptor-2 and not with
receptor-1 and receptor-3. The only aromatic amino acid Tryptophan (W) of receptor-2 is connceted to

the aliphatic and neutral (neither aliphatic nor aromatic) amino acids of galanin.

Observation 3.5: In the physicochemical subgraphs with amino acids sharing exactly three common
properties, the connections of amino acids of galanin to receptor-1, receptor-2 and receptor-3 are

(1) P, is not connected with P, and P, is not connected with P; .

2) P, is not connected with P, ™.

(
(3) P;™ and P; are not connected with P3 ™.
(4) P,%is not connected with P, ™.
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Observation 3.6: In the physicochemical subgraphs with amino acids sharing exactly four common
properties, the connections of amino acids of galanin to receptor-1, receptor-2 and receptor-3 are

(1) Py have more neighbours than P1+ of X.
(2) P, have more neighbours than P2+ of X.
(3) P,~ have more neighbours than P, of X.

Observation 3.7: There is no neighbours for P, in receptor-2 of the physicochemical subgraph with

amino acids sharing exactly four common properties.

Observation 3.8: The physicochemical subgraph of galanin and receptor-3 with amino acids sharing
exactly one common property (figure 16) is the subgraph having a maximum matching which is the only

perfect matching among all the physicochemical subgraphs of galanin and its receptors.
Conclusion

Here we analysed the amino acids and some of their physichochemical properties which involved in the
human galanin neuropeptide and its receptors graph theoretically. We have constructed and analysed
some newly defined graphs - bipartite Pt-graphs and their physicochemical subgraphs - of galanin and its
receptors using C -sets of the corresponding peptide/protein graphs (Pt-graphs). We observed from the
analysis of the bipartite Pt-graphs of galanin and its receptors that G, ,S,, Y, W, and N, (in galanin), N,, S;,
(in receptor 1), S28 W8 (in receptor 2) and S, (in receptor 3) are the amino acids which receive all the
highest centralities. The analysis of physicochemical subgraphs shows that, (i) if the amino acids of
galanin and its receptors share exactly two common properties, the aliphatic and neutral (neither
aliphatic nor aromatic) amino acids of galanin are connected with an aromatic amino acids (ie.,
Tryptophan (W)) only in receptor 2 (figure 13). (ii) if the amino acids of galanin and its receptors share
exactly three common properties, (a) hydrophilic amino acids of galanin are more connected than
hydrophobic amino acids, (b) non-polar amino acids of galanin are more connected than polar amino
acids and (c¢) negatively charged amino acids of galanin are more connected than positively chareged
amino acids. The maximum matching of physicochemical subgraphs shows that Leucine (L), Glutamate
(E) and Alanine (A) (inreceptor 1), Alanine (A) and Isoleucine (I) (in receptor 2), Serine (S), Alanine (A)
and Valine (V) (inreceptor 3) and Glycine (G), Leucine (L) and Aspargine (N) (in galanin) are the most
repeated amino acids in the independent pairs. The physicochemical subgraph of galanin and receptor 3
with amino acids sharing exactly one common property (figure 16) is the subgraph having a maximum
matching which which is the only perfect matching among all the physicochemical subgraphs of galanin
and its receptors. These analyses can be used to study all the relationships between peptide/protein

ligands and their receptors and this may help in the field of drug designing.
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ABSTRACT

4 7

The aim of this paper is to introduce grill generalized topological spaces and to investigate the
relationships between generalized topological spaces and grill generalized topological spaces. For
establishment of their relationships, we define some closed sets in these spaces. Basic properties and
characterization related to these sets are also discussed.

Keywords and phrases: generalized topological space, grill generalized topological space, g, -closed set,
1 ®-closed set, i -Gg -closed set.

- J

1.INTRODUCTION

The study of grill topological spaces[16] as like ideal topological spaces[9] has been started from 2007
although the study of grill [3,1,2,18] in topological spaces was started from 1947 at different point of
view. Generalized closed sets[10] in topological space as well as in grill topological space[11] has been
discussed at various research papers. We have introduced the generalized closed sets in grill generalized
topological space ( generalized topological space(GTS) [5,6] with grill), and characterized the same at
different aspect. We also obtain the relations with earlier generalized closed sets in topological space,

generalized topological space and grill generalized topological space etc.

2 PRELIMINARIES
Definition 2.1[3]. Anonempty collection § of nonempty subsets of a topological space (X, 7)is called
grillif

i) AeGand€ BS X =B €X,and

i) ABcSXandAUBeG=A€§ orBE(G
If G is grill on X,then (X, 7,§G) is called a grill topological space[16]

Definition 2.2[16]. Let (X,7,G) be a grill topological space.An operator ®: exp(X) — exp(X) is called a local
function with respect to 7 and G is defined as follows: for A € X, ®(A4)(G, 1) = P(A) ={x eX:UN A€ for
every U € 7(x)} where 7(x) = {U € 7:x € U}[16].

It is well known from [16], A N ®(A) = ¥ (A) is a Kuratowsi closure operator [9].

Definition 2.3[16]. Corresponding to a grill on a topological space (X, 1), there exists a unique topology 75 on X
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given by

7 = {U € X:p(X\A) = (X\A)}, where for any A € X,1p(A) = AU ®(4) = 74-cl(A).

Definition 2.4. Let (X,7,G) be a grill topological space. A subset A of a grill topological space (X, 7,G) is 75-
closed[16] (resp. 7g-dense in itself[11], Tg-perfect) , if p(A) = A or equivalently if ®(A) € A(resp. A € ®(4),A =
D(A)) .

Definition 2.5. Let (X, 1, ) be a grill topological space. A subset A of a grill topological space (X, 1, G) is g-closed
with respect to the grill G (briefly, G-g-closed)[11] if ®(4) € U whenever A € U and U is open in X.

A subset A of X is said to be G-g-openif X\Ais G-g-closed.

Definition 2.6. Let (X,7) be a topological space. A subset A of a space (X, ) is said to be g-closed set[10] if
cl(A) € U whenever A € U and U is open.

Remark 2.1[11]. Every g-closed set is a §-g-closed but not vice versa.

Remark 2.2[19]. Every closed set is g-closed.

Very interesting notion in literature has been introduced by Csaszar[4] on 1997. Using this notion topology has
been reconstructed. The concept is:

A map T:exp(X) — exp(X) is possessing the property monotony(i.e. such that A € B implies 7(4) S 7(B)). We
denote by I'(X) the collections of all mapping having this property.

One of the consequence of the above notion is generalized topological space(GTS) [5,6], its formal definition is:
Definition 2.7. Let X be a non-empty set , and g € exp(X), u is called a generalized topology (GTS) on X if @ € p
and the union of elements of u belongs to p.

The member of yis called u-open set and the complement of u-open set is called p-closed set. Again c, is the
notation of u-closure[5,6,13,14].

Definition 2.8[15]. Let (X, u) be a generalized topological space.Then the generalized kernel of A € X is denoted
by g-ker(A) and defined as g-ker(4) = N{G € u: A € G}.

Lemma 2.1[15]. ]. Let (X, ) be a generalized topological space and A € X. Then g-ker(4) = {x € X: ¢, ({x}) N
A * 0}

If GisagrillonX, then (X, u,G ) is called a grill generalized topological space (GGTS).

3 GGTS

Definition 3.1. Let (X, #, G ) be a GGTS. A mapping ()®* : exp(X) — exp(X) is defined as follows :

(A% = (AP (G,u) ={x € X:AnU € G}, where U € y(x)[5].

The mapping is called the local function associated with the grill G and generalized topology u.

Properties:
Theorem 3.1. Let (X,u,G) be a GGTS.Then
1 @™ =0.
(2) forA,B S XandA C B, (A)® c (B)®.
3 D™ <.
@  (@"™ <)
(5)  (A) is a u-closed set.
6 (™)™ < (A",
(7)  for G < G; implies (A)** (Gy) 2 (A)™(G).
(8) foreu,Un(UnA®™ cUn (A%,
)

Q) forG € G, (A\G)® = (A)® = (Au G)*.

Proof. (1). It is obvious from definition.
(2). Itis done by the fact, AN G € G implies BN G € G.
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Obvious from [5,13].

(@) € ¢, (6, () = ¢, (4) 15,13].

From [5], for G € y and x € G, there exists V € y(x) such that V € G.Now if AN G & G then for ANV <
ANG, ANV ¢ G.It follows that X\(A)®* is the union of u-open sets.We know that the arbitrary union of

p-open sets is a u-open set. So X\ (4)®* is a u-open set and hence (4)®* is a u-closed set.
(6). Fromabove, ((A)")™ € ¢, ((A)™) = (A)®* , since (A)®" is a p-closed set.
(7). Obvious from ANV € G impliesnV € G, .
(8)
9)

—_ o~
L)
—_—

—
ol
~

8). Since UN A S A then (UNn A € (A)®™ soUn(UnNA®» cUn A
9). Let x € (A)®™ . If possible suppose that x & (A\G)®". Then there is aV € (x).,V N (A\G) & G.Therefore

(VNA\G)HUGEG,ie, GU(ANV)EG. Then N A& G, a contradiction to the fact that x € (4)%*.

Hence , (A\G)®* = (4)®*.
Proof of 2™ part is similar.

It is obvious from (2), )®* € I'(X) [4].
Definition 3.2. Let (X, u ) be a GTS with a grill G on X.
The set operator ¢ is called a generalized ®u-closure and is defined as ()P (A) = AUA)® | for AC X. We
will denote by u®(u; G) the generalized structure , generated by ¢®* , that is, u®(u; G) = {U € X: ¢®* (X\U) =
(X\U)}. u®(u; G) is called ®u-generalized structure with respect to ¢ and G ( in short ®u-generalized structure)
which is finear than .
The element of u® (y; G) are called u®-open and the complement of i®-open is called u®-closed.
Theorem 3.2. The set operator ¢®* satisfy following conditions:
@ Acc®™(A) . forAcX.
(b) c®(@)=0andc®(X) =X.
© cc™A)cc®™@B)if AcBCX.
(i c®(A) U c®(B) € ¢ (A UB).
e ™ erwX).
Proof: Proof is obvious from Theorem 3.1.
Definition 3.3. Let (X, ) be a GTS. A subset A of X is said to be gy -closed set[12] if ¢, (A) & M whenever
ASMand M € p.
Definition 3.4. A subset A of a GGTS (X, 1, G ) is u¥-dense in itself (resp. u?-perfect) if A € (A)** (resp.
(AP = 4).
Definition 3.5. A subset A of a GGTS (X,u,G ) is called p- G-generalized closed ( briefly, u-G, -closed) if
(A)" < U whenever U is u-open and A € U. A subset A of a GGTS (X, ,G ) is called u- G-generalized open
(briefly, u-G,-open) if X\A is u-G,-closed.
Theorem 3.3. Let (X, i1, G ) be a GGTS. Every g, -closed set is -G, -closed.
Proof: Let U any u-open set containing A. Since Ais g,-closed, then ¢, (4) € U.By Theorem 3.1(3), we have
(A% cU.
Remark 3.1. Let (X, 7) be a topological space. If we take = 7 , then gy -closed set coincide with g-closed sets[7,8].
Proposition 3.1. . Let (X, 4,G ) be a GGTS.
(@) Every u®-perfect set is u®-dense in itself.

)

(b)  Every u®-perfect set is u®-closed.

Proof: The proof can be easily done.

Remark 3.2. Let (X, 7) be a topological space and G be a grill on X. If we take p = 7,then -Gy -closed (resp. u®-
closed , u®-dense in itself ) sets coincide with G-g-closed [11] (resp.rg—closed[lﬁ], 7g-dense in itself [11].
Theorem 3.4. If (X, 1, G ) is a GGTS and € X , then A is pu-Gg-closed if and only if c®(A) € U whenever A € U

and U is y-openin X.
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Proof: Since 4 is -Gy -closed, we have (A)®* € U whenever A< U and U is p-open in X. c®#(A) =AU
(A)®" < U whenever A € U and U is p-open in X.

Converse part: Let A € U and U be g-open in X. By hypothesis ¢®#(A) € U. Since c®*(A) = Au (A , we
have (4)®* c U.

Theorem 3.5. Let (X, 4, G ) is a GGTS and A € X. Then the following are equivalent :

(@) Ais u-Gy-closed.

(b) c®(A) € U whenever A € U and U is y-openin X.

© c®(A) € g-ker (4).

(d) c® (A)\A contains no nonempty p-closed set.

(e  (A)®* \A contains no nonempty u-closed set.

Proof: (a)<(b). It follows from Theorem 3.4.

(b)= (c). Suppose x € c®(A) and x € g-ker (4).Then ¢, ({x}) N A = @. Implies that A € X\(c,({x}).
Now from (b), c®* (A) € X\c, ({x}). This implies c®* (A) N {x} = @, a contradiction. Hence the result.

(c) = (d). Suppose S (C‘D'“ (A)) \A , F is p-closed and x € F. Since F € (cq’f" (A)) \A, FNA=@. We have

€y ({x}) N A = @ because F is u-closed and x € F .From (c), this is a contradiction.

(d) = (e). This is obvious from the definition of ¢®* (A).

(e) = (a). Let U be a u-open subset containing A. Since (A)®* is y-closed by means of Theorem 3.1(5). Now
(D)™ n (X\U) € (A)®*\A. Since intersection of two u-closed sets is a p-closed set, then (4)P* n (X\U) is an
p-closed set contained in (4)®#\A . By assumption, (4)®* n (X\U) = ¢. Hence, we have (4)* < U.

Remark 3.3. . Let (X,7,G ) bea GGTS. If u = 7 then the above theorem coincides with Theorem 2.7 in [11].
Proposition 3.2. Let (X, G ) bea GGTS. Every u®-closed set is u-Gy-closed.

Proof Let A be a subset of X and A be p®-closed. Assume that A € U and U is pu-open. Since A is p®-closed, we
have (4)® < Aandso A is pu-G,-closed.

For the relationship related to several sets defined in the paper, we have the following diagram :
p?®-dense in itself & p®-perfect = p®-closed = p-G,-closed &< g, -closed & p-closed

The following examples show that the converse implications of the diagram are not satisfied.

Example 3.1.(a). Let X = {a,b,c}, p = {X,0,{b},{b.c}}, § = {{a}, {c}. {a c},{a, b}, {b,c}, X} and A = {b}. Here
(A)® = @ and ¢, (A) = X. Thus, A is u-G,-closed . But A is not g, -closed.

(b) In (a), let = {a,b} . Note that the only u-open set containing B is X. ¢, (B) = X is also contained in

X .Therefore B is g, -closed but not p-closed.
() In(a), Ais u®-closed but not u®-perfect .
(d Let X={a,b,c}, u=1{0,{b}{b.c}}, G ={{a}{c}.{a,c},{a, b}, {b,c},X} and A ={b}. Then (A)® =@
which is also a subset of {b} and {b, c}. So, 4 is u-G,-closed but not u®-closed.
() 1In (a), let B = {c}. Then (B)®* = {a,c}, so B is u®-dense in itself but not u®-perfect.
Definition 3.6[17]. A space (X, u) is called p-Tyif any pair of distinct points x and y of X, there exists a u-open set
U of X containing x but not y and a y-open set V of X containing y but not x.
It is obvious from definition that every singleton set is u-closed if and only if the space is p-T;.
Remark 3.4. Let (X,p,G)beaGGTSand A € X .If (X, ) is a pu-T; space, then A is u®-closed if and only if 4 is
u-Gg-closed.

Theorem 3.6, Let (X,u,G)beaGGTSand A € X. If A is an p-G,-closed set, then the following are equivalent :

(a) Aisanu®-closed set.
(b) ™ (A)\A is an u-closed set.
© (A% \Aisan u-closed set.
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Proof: (a)=(b). If 4 is u®-closed, then c®* (A)\A = @. c® (A)\A is u-closed.
(b)=(c). Since c®* (A)\A = (A)** \A .it is clear.
(©) =(@). If (A)™ \A is p-closed and A is u-Gg-closed from Theorem 3.5(e), (A)™ \A= @ and so Ais u®-

closed .
Lemma 3.1. Let (X,1,G)be a GGTS and A € X. If A is u®-dense in itself, then (A)** = Cy (A% = ¢, (A) =
cP(A).
Proof: Let A be u®-dense in itself. Then we have A € (A)®* and hence c,(4) € ¢, ((A)®) . We know that
A = ¢, ((A)*) € ¢, (A) from Theorem 3.1(5). In this case ¢, (4) = ¢, ((A)**) = (A)® . Since (A)* =
¢, (A) , we have c¢™(A) = ¢, (4).

We obtained that every g, -closed set is u-G,-closed in Theorem 3.3 but not vice versa. For u®-dense in
itself sets, g, -closedness and -G, -closedness are equivalent.
Theorem 3.7. Let (X,;,G)be a GGTS and A € X. If A is u®-dense in itself and u-Gg-closed, then A is g, -

closed.

Proof. Assume A is u®-dense in itself and p-Gg-closed on X . If U is an p-open set containing A, then we have
(A)®* c U . Since A is u®-dense in itself, Lemma 3.1 implies ¢, (A) € U and so 4 is g, -closed.

Theorem 3.8.. Let (X,u,G)bea GGTSand A € X. If A is u-Gg-closed and p-open then A is u®-closed.

Proof: Let A be an p-open.Since A is y-G,-closed, we have (A)® < A. Hence A is u®-closed.
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ABSTRACT

4 2\
In this paper, we define the algebraic structures of n—generated fuzzy subgroups and some related

properties are investigated. The purpose of this study is to implement the fuzzy set theory and group theory
in n—generated fuzzy subgroups. Characterizations of n—generated level subsets of a n— generated fuzzy
subgroups of a group are given

Keywords- Fuzzy set, multi-fuzzy set, fuzzy subgroup, multi-fuzzy subgroup, anti-fuzzy subgroup,
multi-anti fuzzy subgroup,n—generated fuzzy subset, n—generated fuzzy subgroups, n—generated fuzzy

level subsets,n-generated fuzzy level subgroups

1.INTRODUCTION

After the introduction of the concept of fuzzy sets by L.A.Zadeh [1], researchers were conducted the
generalizations of the notion of fuzzy sets A. Rosenfeld [2] Introduced the concept of fuzzy group
and the idea of “Intuitionistic Fuzzy set” was first published by K.T. Atanassov [3]. W.D.Blizard [4]
Introduced the concept of fuzzy multi-set theory. Also Shinoj .T.K and Sunil Jacob [6] produced some
results in Intuitionistic Fuzzy Multi-sets. In this chapter we define n—generated fuzzy sets and n—

generated fuzzy subgroups and some of'their properties.
2. PRELIMINARIES

2.1 Definition

Let X beanon-empty set. 4 fuzzy setAonXisamappingA:X—[0,1] andisdefined as
A= {xe X/ (xp(x) )}

2.2. Definition
Let Xand Y'be any two sets. Let f: X—Y bea function. If ¢ isafuzzy seton X thenthe image 1 under fis
afuzzy seton Yand is defined by
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f(w(y)=viy= Sup wu(x), VY yeY iscalled image of 4 under f
xef-1(y)

2.3. Definition
Let Xand Y be any two sets. Let f: X —Y be a function. If S isa fuzzy set on Y then the preimage of S
under fis a fuzzy set on X'and is defined by

(') =S(f(x)

2.4. Definition
Let A be a fuzzy subset of a set X . For t€[0, 1], A, ={X€ X/ Alx) = r} is called a level fuzzy
subset of A

2.5. Definition
Let X be a nonempty set. An Intuitionistic Fuzzy set A on X is an object having

the fOI‘mA={<X,#A(X)J’A()d>/XEX}, where yA:X—>[0,1]& }/AIX—)[O,l] are the

degree of membership and non- membership functions  respectively = with
OS,uA(X) +}/A(X) <1

2.6. Definition

Let X be anon-empty set. A Fuzzy Multi set (FMS) A drawn from X is characterized by a
function * Count membership’ of A denoted by CM, such that CM q-X — ) where Q

is the set of all crisp finite set drawn from the unit interval [0,1].Then for any xe X, the

value CM 2 (x) isa crisp multi set drawn from [0,1]. For each xe X, the membership

sequence is defined as the decreasingly ordered sequence of elements in CM,(x. It is

denoted by (#Al (,\f),yAz (X),.oc.... JuA]( (X)j where ,uAl (%) 2'”/12 () =........ 2;¢Ak (%)

A:{<X:{#Al (X).ﬂAz (2)...... #Ak (X)]>:Xe X}

Example 2.7

Let X:{X, ¥, Z, W} be a universal non empty set.For each xe X, we can write a Fuzzy

Multi set as follows

A={(x(0.8,0.7,0.7,0.6)).((0.8,0.5,0.2)),((1,0.5,0.5)) } Where

CM ,(0=(0.8,0.7,0.7,0.6) with 0.8>0.7 20.7 > 0.6

A
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2.8. Definition

Let X be a non- empty universal set and let A be an Fuzzy Multi set on X. The n-
generated  Fuzzy set on X is constructed from the Fuzzy Multi set and is defined as

A={<X,%(ygl (X)+/JZZ (%) +....... ,uzk (X)))ZXE X}

where yHAl (x) =2 ,uiz]z (%) =....... > ‘H?Ak (x) and n is the dimension of the Fuzzy Multi set A
2.9.Definition Multi-level subset

Let A be a multi-fuzzy subset of X. For ¢ 6[0,1], i=1,2,...k A ={xe X/ AW =t} is
called multi-level subset of A

2.10. Definition Multi-Fuzzy Mapping

Let #=(p, pty,.opty) and v=(v,,v,,...,v,) be two multi-fuzzy sets in X of

dimenstion k and n respectively. A  multi-fuzzy mapping is a mapping
F:M*FS(X) — M"FS(X) which maps each geM*FS(X) into a unique multi-fuzzy set
veM'FS(X)

2.11. Definition Atanassov Intuitionistic Fuzzy Sets Generating Maps (AIFSGM)

A mapping F:M“FS(X)— M*FS(X) is said to be an Atanassov Intuitionistic
Fuzzy Sets Generating Maps(AIFSGM) if  F(ux) is an Intuitionistic fuzzy set in
M?FS(X)

2.12. Definition Multi-Fuzzy extensions of functions

Let f:X—Y and h:[IM,—>IIL, be functions. The Multi-fuzzy extension and

the inverse of the extension are [f:[IM.)* —>HLjy, r :HLJY—)‘H}VIJ.X defined by

(A= Sup h[A(X)], AEHMI.X,_}/EY and
xe f-1(y)

f(B®=h"[B(f(®]. Be HLJ.Y,XGX where h'is the upper adjoint of h .

The function h:[1M, —T1L; is called the bridge function of the multi-fuzzy extension of f.
2.13. Definition

Let X and Ybe any two sets. Let f:X —Y be a function. If 4 isa n—generated
fuzzy set on X then the image of A wunder f is a n—generated fuzzy set onY and is

defined by f(w)(y)=viy)= Sup A(x), V yeY iscalled image of A under f
xe [~1(y)

2.14. Definition

Let X and Ybe any two sets. Let f:X— Y b a function. If A is an n— generated
fuzzy set on Y then the pre image of A under fis a n— generated fuzzy set on X and is

defined [f_l(/’i))()ﬂ =(f(x)
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2.15. Definition:

Let A be an n— generated fuzzy set on X.  For r<]0, 1], a level n— generated
fuzzy subset of A, is defined by A = {X e X/A(x) 2 t}

2.16. Properties of n-generated fuzzy set

Let k be a positive integer and A and B be two fuzzy multi- sets of dimension kand if
AC :{(X,/I(X)); xe X} & BC = {(X,}’(X)); xe X}

k k
ne N, where ,I(X) =% lef()d, 7 (x) =% zlvf(x) Then
I= =

M. A°c B® < A(x)<y®
2.4°=B° o i(x)=y®
(3).4° UB” = A(x)uy

=[(X’max[’?“(x)r}’()():|);xe X]

4.4 N B = A(x) Ny ()

— [(X,min[}t(x),y(}()]);xe X}
(5). A+ B= I:{X,(;L(X)+]/(X) —A(X);/(X))};XG Xj|

(6). If Acz{(x,i(x));xe)(},then (AG)Cz{(X,l—)L(X));Xe X}

2.17. Definition

Let G be a group. A fuzzy subset A of G is said to be a fuzzy subgroup of G if
(1). A(xy) = min{ A(x), A()) }
(). A(x 1)* A® " xyl G

2.18 . Definition
Let G be a group. A fuzzy subset A of G is said to be an anti-fuzzy subgroup of G if

(). A(xy) < max{A(x),A)}. (). Ax™) =Akx) Vxy€GC
2.19. Definition
Let G be a group. A multi-fuzzy subset A of G is said to be an multi-fuzzy

subgroupof G if  ().A(xp) 2 min{ A0, A(»)} ). A(x 1)* AW "xyl G
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2.20. Definition
Let G be a group. A multi-fuzzy subset A of G is said to bean multi-anti-fuzzy

subgroup of G if (). A(xy) < maX{A(X),A()’)}

A

(i).Alx )= Ax) " xyil G

2.21. Definition
Let G be a group. A n—generated fuzzy subset 2 ofa group G iscalled a

n—generated fuzzy subgroup of ¢ if
()-A(xy) = min{ A(x), A(y) }

k k
(1'1')./1()(_1):/1()() V x,ye G where /1(X)=%j§:1ﬂf()(), i(y)=%j§1yf(y)

1 k 1
& A(xy) :}Elﬂj (x7)

2.22. Definition
Let G beagroup. An n—generated fuzzy subset 4 of a group G is called an n-

generated anti- fuzzy subgroup of G if
(1).A(xy) <max{A(x),2(y)}
(i) A(x1) =20 VxyeG

3. Properties of n-generated- Level Subsets of an n- generated Fuzzy subgroups

In this chapter we introduce the concept of n— generated level fuzzy subset of a n—
generated fuzzy subgroup

3.1. Definition:
Let 2 be a n— generated fuzzy subgroup of a group G . For any t:(rl,tz ..... fk’“)

where t, e [0,1] for all i, we define the n— generated level subset of A as
L(/?,;t) ={X€ G/lA(x) = t}

Theorem.3.2:
Let 1 be an n— generated fuzzy subgroup of a group G . For any r:(tl,rz ..... fk’“)

where rje[O,l] for all i suchthat t<A(e) where 'e' is the identity element of G ,
L(A;t) is a subgroup of G.

Proof:

Let xye L(A0)=A(x0)>tand A(y) =t

Now, A(xy')=Min{i(x),A())}
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> Min {z, ¢}
= ?L(Ajy_l) >t
= xy ' e L(At)
= L(A;t) is a subgroup of G

Theorem3.3:

Let G be a group and let A1 be an n-—generated fuzzy subset of a group G such that
L(4;t) is a subgroup of G.Then for any t=(r1,r2,....rk,..) where tje[O,l] for all isuch
that ¢ < A(e) where 'e' is the identity element of G,41 is an n—generated fuzzy subgroup

of G

Proof:
Let x,yeG and A(x)=r & A(y) =s

where rz(r r2,....rk,...) , 52(51’52""51(’““]’ for r, sje[O,l] for all 7

1’
Suppose r<s

Now A(x)=r—= x¢< L()L;r)

And now A(y)=s>r= yeL(Ar)

Therefore x, ye L()L;r).
As L(A;r) is a subgroup of G, xy_leL(i;r)
Hence )L( X_y‘l)zr=min {r,s}
> min {l(x),ﬂ(y)}
That is, A(x/") zmin {1(x).2(»)}

Hence A is a n—generated fuzzysubgroup of G

Theorem3.4:
Let 1 be an n-generated fuzzy subgroup of a group Gand 'e' is the identity element

of GIf two n—generated level fuzzy subgroups L(/l;r), L(ﬁl; s)for r:(;i,rz,....rs,..),

S:(SI’SZ"“Sk’“‘) where f},sje[o,l] for all i and r,s<A(e) with r<s of A are equal,

then Thereis no x in G such that r<A(x) <s
Proof:

Let L()L;r):L(/l; s)

Suppose there exists xe G suchthat r<A(x)<s
Then L(A;s)c L(A:r)

= xe L(A;r), but x& L(A:s)
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This contradicts our assumption that L(/"L;r) :L(i; s)
Hence there is no xe G such that r<i(x)<s
Conversely, suppose that thereis no xe G such that
r<A(x) <s, then by definition L(A;s)< L(A;r)

Let xe L(4;r)and there isno xe Gsuchthat  r<A(x)<s
Hence xe L(A;s) and therefore L(A;r)c L(A;s)

Hence L(A;r)=L(A;s)

CONCLUSION

In this chapter we have propounded the concept of n-generated fuzzy sets. It is directly proportional to

Multi-fuzzy set theory
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