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A B S T R A C T

The ability of a sheet metal to be formed in a given forming process without failure or necking is known 

as its  form ability. Form ability is a measure of the amount of deformation a material can withstand 

prior to fracture or excessive thinning. Forming Limit Diagram is a graphical representation of limit 

strains at which necking/fracture occurs in a sheet metal under all possible modes of deformation. In the 

present paper, tensile properties of AA1200 sheet are determined as per ASTM-E8M standard. 

Anisotropy of the sheet is also determined by giving 20% elongation to the tensile specimens in a UTM. 

The values of yield strength, tensile strength and ductility show a huge variation because of the 

differences in as rolled specimens, annealed specimens, and different thickness of the Al sheets. The 

standard limiting dome height test is conducted on the specimens of different thicknesses and it is found 

that form ability of the sheet metal increases with increase in sheet thickness.

Keywords— AA1200 Aluminum Alloy, Sheet Metal Forming, Forming Limit Diagram, Stretch 

forming, and Anisotropy.

1. INTRODUCTION  

Sheet metal forming is a process in which flat thin blanks are deformed permanently to produce a wide 

range of products. These operations are widely used in the industries and hence the knowledge of 

various sheet metal forming processes and deformation criteria are essential to manufacture good 

quality products. Common parts made by sheet metal forming processes include automobile body 

panels, fuel tanks, aircraft parts, various parts for building industries and also for making domestic 

home appliances, food and drink cans. Aluminium alloys are now-a-days replacing the steel in 

automobile industry since they have higher strength to weight ratio, comparable strength and high 

corrosion resistance. With advent of manufacturing technology, many researchers have been attracted 

to determine the forming limit curves of various aluminium alloys which may reduce the vehicle weight 

to achieve better fuel efficiency [1-3].
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Aluminium alloy selection depending on the above mentioned properties may look better, but the 

manufacturing aspect also needs to be considered.. Hence the formability of aluminium alloys needs to 

be studied thoroughly. Because of their inferior forming properties, advanced methods are being used 

to exploit their full potential. The experimental determination of forming behavior of these modern 

materials is time consuming which necessitates some easier methods of determining formability. Finite 

element simulation or theoretical methods are finding wider importance now-a-days. This can lead to 

the optimization of process and design variables to achieve better quality stampings. 

Some lab tests used to determine formability of sheet metals are quite common. The Swift-cup test [4] is 

a drawing test. A series of blanks with steadily increasing diameters are deep drawn, and at one point a 

diameter is reached, where the punch penetrates but not yet completely drawn cup. The Swift cup test is 

the determination of the limiting drawing ratio (LDR) for flat-bottom cups. A simulative test in which 

circular blanks of various diameters are clamped in a die ring and deep drawn into a cup by a flat-

bottomed cylindrical punch.

The Erichsen & Olsen tests [5] are used to estimate sheet metal formability under pure stretching 

conditions. The sheet is clamped between two flat plates and is stretched by a ball. Cups are formed by 

stretching over a hemispherical tool. The height of the cup represents the formability index. Cups with 

larger height represent good resistance to necking. The results depend on stretchability rather than 

drawability. The Erichsen and Olsen test produce bending strains in the test and hence no longer used in 

the industry.

The cupping tests discussed above are losing favour because of irreproducibility. Hecker [6] attributed 

this to “insufficient size of the penetrator, inability to prevent inadvertent drawing in of the flange, and 

inconsistent lubrication.” He proposed the limiting dome height test (LDH) [7]. The specimen width is 

adjusted to achieve plane strain and the flange is clamped to prevent draw-in. The limiting dome height 

(LDH) is the greatest depth of cup formed with the flanges clamped. The LDH test results correlate 

better with the total elongation than with the uniform elongation. This test is widely used in the 

industries.

2. METHODOLOGY

2.1 Selection of materials.

Sheet metal for present work is Aluminium Alloy 1200 grade in as rolled and annealed state of 

thickness 1mm and 1.6mm.As rolled metal sheets are those sheets which are come directly from the roll 

mill. The properties of as rolled sheets are unfavorable for forming due to accumulated strains.  
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Moreover, it depicts an isotropic behaviour which changes to anisotropic soon after the annealing of the 

sheet metal. The sheet metal received was in as-rolled condition which has high strength and low 

ductility and strain hardening exponent. To bring the material in formable state needed heat treatment in 

vacuum. The distorted, dislocated structure resulting from cold working of aluminium is less stable 

than the strain free, annealed state, to which it tends to revert. The chemical compositions of the selected 

material is given in Table 1.

Table.1: Chemical composition of the as rolled AA1200 (by weight %).

2.2  Preparation of Tensile Specimens

The Laser cutter works by directing a high powered laser beam very precisely at the chosen material to 

cut right through. The cutting beam is very fine focus (typically around 0.1mm) and precise resulting in 

incredibly detailed and accurate cuts. By reducing the beam power we can mark the surface of the 

material, this is known as etching or engraving and can give some stunning effects on materials. The 

specification of the machine used is given in Table 2.

The sub-sized specimens of AA1200 as per ASTM standard E8M were used for tensile testing. The 

rolling direction of the sheet was determined with help of stretcher roll marks. The specimens were 

prepare d by laser cutting of annealed and as rolled aluminium alloy sheets in different directions 

relative to rolling direction (RD), i.e., 0° in RD, 45° w. r. t  RD and 90 ° w. r. t RD as shown in Fig. 1. 

Match type CNC Laser cutting

Elect/voltage 440V,60Cy, 3Phase

Maximum cutting dimension  80”x148”

Maximum cutting thickness     0.375 mild steel

Laser power 2600 watt

Laser gas CO2

X travel 1524mm

Y travel 3048mm

Z direction 101mm

Si Fe Cu Mn Al

0.0929 0.451 0.0026 0.0022 Remainder

Mg Cr Ni Zn

0.0017 <0.0005 0.0022 0.0073

Ti Pb Sn V

0.0271 0.0148 0.0067 0.0013

Table.2: Specification of laser cutting machine
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Fig. 1 Laser cutting of tensile specimens

The specimens were tested in uniaxial tension on Instron machine. Load elongation data was obtained 

for all the tests which were converted into engineering stress strain curves. The standard tensile 

properties such as yield stress, ultimate tensile stress, uniform elongation and total elongation were 

determined from the stress- strain data.

2.3 Determination of anisotropy

The plastic strain ratio, which is a measure of anisotropy, was determined using specimens prepared 

according to ASTME517 specification. The specimens were elongated to predetermined longitudinal 

strain (15%depending on the % elongation up to UTS) and the testing was stopped before the onset of 

necking. Final width and gauge length were measured and the plastic strain ratio (R) is calculated as 

below [George E Dieter, Mechanical metallurgy]. The R value was determined in three directions as 

mentioned in the tensile tests by repeating the above procedure. The normal anisotropy or average 

plastic strain ratio and planar anisotropy were calculated using the formula:

R , R  and R  represent the R value in three directions.0 45 90

2.4 LDH test of Al alloy sheets.

As suggested by Hecker [6], samples were deformed using a hemispherical punch. The All the LDH 

specimens were etched with the circles of 2.5mm diameter. The width was varied to obtain all possible 

deformation modes i.e. biaxial tension, plane strain tension and tension-compression. The width of the 

samples varied from 20mm to 100mm. The experimental setup is shown in Fig. 2. The plane strain 
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deformation width was found to be approx 50mm. The specimens tested for the LDH are shown in Fig. 

3. The necking strains are clearly seen in both the specimens. The necking strains were measured using a 

trinocular microscope.

2.5  Finite Element Analysis

Computer based simulations are widely used by sheet metal engineers to meet the demand for better 

quality products. These simulations using finite element are used for predicting the failures, 

assessing a proposed forming process, designing tools and also in troubleshooting the 

manufacturing problems.

In the this work, the finite element simulation was carried out for the prediction of failure in stretch 

forming of aluminium alloys. The FE simulation was carried out in Abaqus 6.11, commercially 

available dedicated software for sheet metal forming applications. This system provides preprocessing 

(auto meshing, tool positioning, draw bead representation) and post processing (animation, formability 

plot, forming limit diagram). Default input parameters are generally chosen to give efficient, accurate 

simulation results. The FE simulations as shown in Fig. 4 were done to check the accuracy of failure 

prediction in stretch forming of aluminium alloys. The failure predictions based on the developed as 

well as existing correlations were compared with the experimental results. The forming limiting 

diagram developed from the software is shown in Fig. 5.
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Fig. 4 Simulation of deep drawn specimen with flat punch

Fig. 5 Forming limit diagram developed from the simulations 

3. RESULTS AND NDISCUSSION

The tensile properties of the tested specimens of both the thicknesses and as rolled sheets are given in 

Table 3 and 4. It is observed that 1mm thick sheet is stronger than the 1.6mm thick sheet. This could be 

attributed to the higher reduction in the thinner sheet and higher dislocation density. The tensile results 

of 1mm thick sheet depicts higher strength in the specimens oriented transverse to the rolling direction 

and minimum strength in the direction inclined w.r.t. the rolling direction. The values of strain 

hardening exponent are very low, which indicates that the sheet is almost unworkable at room 

temperature. Similar results are seen with the sheets of 1.6mm thickness, although in this case the 

percentage elongation is higher than the 1mm thick sheet. Experiment shows that these sheets are 

completely isotropic.

YS UTS %

(Mpa) (Mpa) elongation
00 -1 77.6 97.6 0.029 312.9 9.94
00 -2 67.4 75.5 0.098 117.6 7.13
00 -3 68 72.2 0.072 103.7 7.27

045 -1 47.2 52.7 0.072 71.8 6.85
045 -2 62 69.5 0.09 103.2 6.09
045 -3 93.2 104 0.042 596.4 7.84
090 -1 91.4 104 0.043 684.7 5.99
090 -2 90.4 103 0.035 487.8 6.08
090 -3 91.4 107 0.051 882.7 7.03

Orientation 

wrt RD
n k

Table 3 Tensile properties of as Rolled AA1200 (Thickness: 1mm)
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YS UTS %

(MPa) (Mpa) elongation
00 -1 56.9 64.9 0.092 91.6 9.74
00 -2 51.8 60.2 0.089 87.26 9.12
00 -3 43.8 50.8 0.077 68.4 11.6

045 -1 57.2 64.1 0.088 97 7.66
045 -2 51.9 59.4 0.078 85.6 9.09
045 -3 47.8 54.6 0.07 74.8 8
090 -1 48 52.6 0.082 76.6 6.68
090 -2 51.8 57.7 0.094 88.2 7
090 -3 56.7 62.4 0.192 142.4 6.89

Orientation 

wrt RD
n k

Table 4 Tensile properties of as Rolled AA1200 (Thickness: 1.6mm)

The sheets of both the thicknesses are annealed at 220°C in an inert atmosphere to prevent oxidation. 

The tensile properties of the tested specimens of both the thicknesses and as annealed sheets are given 

in Table 5 and 6. It is observed that the strength of the sheets have reduced but ductility has improved 

significantly which can be attributed to the formation of new strain free grains after annealing. The 

percentage elongation of the specimens oriented at 45° to the rolling direction is the highest followed 

by the specimens along and transverse to the rolling direction. In the annealed sheets also, the strength 

of the thinner sheet is higher than the thicker sheet. The results of the normal and planar anisotropy for 

the annealed sheets are given in Table 7. The average normal anisotropy of the sheets are 0.45 (approx.) 

which indicates that these sheets are poor in deep drawability. The drawability of these sheets may be 

improved by warm working. 

YS UTS %

(Mpa) (Mpa) elongation
00 -1 33.8 54.5 0.349 122.3 42
00 -2 29.1 47.2 0.349 122.3 38.4
00 -3 26.5 42.8 0.364 97.4 42.3

045 -1 32.7 54.3 0.394 117.5 59.1
045 -2 40.2 64.8 0.358 130.3 61.7
045 -3 39 64.7 0.363 132.1 49.7
090 -1 25.2 41.4 0.405 108.7 32
090 -2 26.3 43.2 0.375 102.1 41.7
090 -3 24.3 40.6 0.405 99.2 42.1

Orientation 

wrt RD
n k

Table 5 Tensile properties of annealed AA1200 (Thickness: 1mm)
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Table 6 Tensile properties of annealed AA1200 (Thickness: 1.6mm)

YS UTS %

(Mpa) (Mpa) elongation
00 -1 26.2 43.2 0.405 109 39.7
00 -2 26.7 44.4 0.389 103.5 48.9
00 -3 28.3 45.9 0.393 109.9 46.1

045 -1 31.3 52 0.418 115.8 63
045 -2 31.3 51.9 0.426 118 57.4
045 -3 31.9 52.6 0.434 122.3 54.2
090 -1 30.6 50.6 0.381 116.1 44.9
090 -2 28.8 47.5 0.375 107.7 45.9
090 -3 16.8 27 0.392 65 39.4

Orientation 

wrt RD
n k

Table 7 Values of anisotropy of the sheets

The results for the LDH tests of as annealed specimens of AA1200 of both the thicknesses are given in 

Table 8. The limiting strain values and the formability of sheet metal were found to increase with 

increase in the sheet thickness. The plane strain condition is observed to occur with a width sample of 

50mm in both the thicknesses. The maximum dome height of the specimen measured is 22.26mm, 

whereas the dome height is 24.14mm with the thicker sheet. This can be attributed to the higher thinning 

resistance of the thicker sheet. 

As discussed, stretch forming with a flat punch of different sheet thicknesses was simulated using 

ABAQUS 6.11 to predict failure and LDH for the cases of biaxial stretching, plane strain condition and 

tension-compression. The simulation results agree closely with the experimental results. The LDH has 

been found to be 24.14 mm which is significantly higher LDH which means formability increases with 

the increases of thickness. There has been a significant improvement in accuracy of prediction of 

limiting dome height and limit strains in FE simulations. The blow figure explains the finite element 

analysis.
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Failure points 

1mm thick sheet
Minor strain Major strain

1 0.073342 0.661675

2 0.092124 0.744198

3 0.09039 0.634173

Failure points 

1.6mm sheet
Minor strain Major strain

1 0.079043 0.635564

2 0.100723 0.819158

3 0.114481 0.661271

Safe points 

1mm  sheet
Minor strain Major strain

1 0.086052 0.512572

2 0.093698 0.564837

3 0.084842 0.498685

Safe points

1.6 mm sheet

1 0.102691 0.498895

2 0.092319 0.534202

3 0.100613 0.554041

Specimens
LDH(mm) thickness 

1mm

LDH (mm) 

thickness 1.6mm

1 21.9 23.74

2 22.1 23.8

3 22.26 24.14

Minor strain Major strain

Table 8 LDH test values of annealed AA1200 for different thickness

4. CONCLUSIONS

Based on the results and discussion presented in the previous chapter the following conclusions are 

drawn:

1. The tensile tests showed a large variation in mechanical properties of the aluminium alloys.

2. The annealed specimens have high strain hardening exponent indicating good stretchability.

3. Anisotropy influences both mechanical and physical properties of metals. The value of the 

average plastic strain ratio in annealed specimens is less than 0.5 which indicates poor drawability of 

the sheets. The value of planar anisotropy is almost found to be equal to the average plastic strain ratio 

indicating the earing tendency of the sheets.

4. From the LDH test the limiting strain values and the formability of sheet metal were found to 

increase with increase in the sheet thickness.

5. There has been a significant improvement in accuracy of prediction of limiting dome height and 

limit strains in FE simulations.
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define the degree of membership and degree of non-membership of the element   to the set . x Î X A

the intuitionistic index or hesitation index, which may require to membership value, non-membership 

value or both.  Let  be an IFS of the set   and let   be an IF relation from  , then Max-min-max A X R X      Y  

composition IFS  with the IF relation R(  ) is defined  as  with membership and non-of B X X      Y  B=RoA

membership function. 

→

→
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2. CASE STUDY

To see the application of the method, let us frame a hypothetical case study:

Table 1:
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3. CONCLUSION.

In this paper, we use generalized concept of fuzzy set theory. A study for selecting and promoting the 

feedstock selection in different zones of India has been made with IFS theory. IFS method is an 

efficient tool for decision making problem. A  fuzzy base  feedstock selection for biodiesel production 

is being made which may prove to be an optimized selection. 
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A B S T R A C T

Production scheduling is generally considered to be one of the most significant issue in the planning and 

operation of a manufacturing system. Better scheduling system has significant impact on cost reduction, 

increased productivity, customer satisfaction and overall competitive advantage. Job Shop Scheduling problem 

is one of the challenging combinatorial optimization problems that has drawn the attention of researchers. In job 

shop scheduling, there are 'n' jobs to be processed at 'm' machines with the objective of minimizing the makespan, 

total tardiness or any other objective.

 

In the present work an attempt is made to optimize the job shop scheduling problem using simulation based 

Genetic Algorithm Approach in the presence of multiple process plans with the objective of minimizing the 

makespan. Four case studies are considered to optimize the JSS problem. Sequence Oriented representation is 

used to encode the chromosome for Genetic Algorithm. GA operators such as Two-Point Crossover, Linear rank 

Selection with Stochastic Universal Sampling Method, Exchange Mutation and Elitism are applied on the 

chromosome and new offsprings are created. Evaluation of fitness value is done through simulation as it yields 

better performance than mathematical functions. A restart scheme, as suggested in literature, is also taken into 

consideration to avoid premature convergence. These four case studies reveal that there are more than one 

process plan combinations that yield the same optimized makespan.

Keywords- Job Shop Scheduling; Genetic Algorithm; Simulation; Optimization; Multiple Process 
Plans.

1. INTRODUCTION  

Schedul�ng �s broadly defined as the process of ass�gn�ng a set of tasks to resources over a per�od of t�me 

[1]. Schedul�ng has cons�derable s�gn�ficance �n manufactur�ng doma�n. The env�ronment of 

schedul�ng problem �s called the job shop. Several types of manufactur�ng shop configurat�ons ex�st �n 

real world such as s�ngle mach�ne, job shops, flow shops, etc. In �ndustr�es job shop problems ar�ses 

because of the d�verse characters of the jobs and order s�zes are relat�vely small. Job shop problems 

have a set of 'n' jobs to be processed on a set of 'm' mach�nes. Each job has a set of operat�ons to be 

performed on set of mach�nes �n a part�cular order and each mach�ne can process at most one operat�on 

at a t�me. 
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Job shop schedul�ng (JSS) deals w�th the allocat�on of jobs to var�ous mach�nes w�th the object�ve of 

m�n�m�z�ng the makespan, the t�me to complete all jobs, or m�n�m�z�ng the tard�ness (not meet�ng the 

due date) �n jobs or any other requ�red object�ves. Job shop schedul�ng problems are one of the most 

challeng�ng Non Polynom�al hard problems [2]. Thus �t has drawn the attent�on of researchers because 

of �ts theoret�cal, computat�onal and emp�r�cal s�gn�ficance s�nce �t was �ntroduced. Opt�m�zat�on �s the 

act of obta�n�ng the best result under g�ven c�rcumstances. There are var�ous opt�m�zat�on algor�thms 

that have been developed to �mplement the var�ous opt�m�zat�on techn�ques. An opt�m�zat�on algor�thm 

�s a procedure, wh�ch �s executed �terat�vely by compar�ng var�ous solut�ons t�ll the opt�mum or a 

sat�sfactory solut�on, �s found. There are two categor�es of opt�m�zat�on algor�thms. One category 

�ncludes those algor�thms that are determ�n�st�c w�th spec�fic rules for mov�ng from one solut�on to 

another (for example  , Branch and Bound, etc.). Another category �ncludes those Lagrang�an

algor�thms that are stochast�c �n nature and w�th probab�l�st�c trans�t�on rules (for example, Genet�c 

Algor�thm, S�mulat�on Anneal�ng, Tabu Search, etc.). These algor�thms are called “Metaheur�st�cs”. 

In th�s work, a s�mulat�on based GA �s used for opt�m�zat�on of makespan performance measure as GA 

�s well su�ted for hard comb�nator�al problems. Genet�c Algor�thm uses bas�c Darw�n�an mechan�sm of 

“surv�val of the fittest” and repeatedly ut�l�zes the �nformat�on conta�ned �n the solut�on to generate new 

solut�ons w�th better performance. S�mulat�on �s used �n th�s work as �t y�elds better results than 

mathemat�cal calculat�ons [3].

2. LITRATURE REVIEW

GA has been appl�ed to schedul�ng problem s�nce Dav�s (1985) [4] first suggested and demonstrated the 

feas�b�l�ty by us�ng a GA on a s�mple JSS Problem [5]. Kumar and Sr�n�vasan (1996) [6] solved the JSS 

problems faced by an organ�zat�on us�ng GA and a comb�nat�on of d�spatch�ng rules. The proposed 

algor�thm showed an �mprovement of about 30% �n makespan over the present system. B�erw�rth and 

Mattfeld (1998) [7] proposed a general model for JSS wh�ch can be appl�ed to stat�c, dynam�c and 

nondeterm�n�st�c product�on env�ronment. The algor�thm was tested �n a dynam�c env�ronment under 

d�fferent workload cond�t�on. Werner et al. (2000) [8] solved JSS problem us�ng genet�c programm�ng. 

Results for a set of benchmark problems w�th both convent�onal and evolved GA were obta�ned. Gupta 

(2002) [9] d�scussed an excurs�on �nto var�ous schedul�ng problems ar�s�ng �n the manufactur�ng 

env�ronment and poss�ble approaches that could be taken to solve them. Ombuk� and Ventresca (2004) 

[10] proposed a hybr�d GA for JSS on local search strategy. Th�s proposed algor�thm �s based on 

schedul�ng scheme that �s deadlock free. Omar et al. (2006) [11] used GA to solve JSS, the �n�t�al 

populat�ons were randomly �nclud�ng the results obta�ned from some well known pr�or�ty rules such as 
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the Shortest Process�ng T�me (SPT) and the Longest Process�ng T�me (LPT). From there the populat�on 

would go through the process of reproduct�on, crossover and mutat�on to create a new populat�on for 

new generat�on. A 5 job 5 mach�ne problem was solved. The number of generat�on wh�ch �n th�s case 

was 200 generat�ons was used as stopp�ng cr�ter�a.

Mendes (2010) [12] presented an opt�m�zat�on approach for the JSS problem based on GA. The 

algor�thm produced good results �n compar�son to other approaches. Bagher� A. and Zand�eh M. (2011) 

[13] cons�der Flex�ble Job Shop Schedul�ng Problem (FJSP) w�th sequence-dependent setup t�mes to 

m�n�m�ze makespan and mean tard�ness. 

Phanden et al. (2012) [14] used  GA for Flex�ble Job Shop Schedul�ng. The authers �ntroduced a 

s�mulat�on-based GA approach to solve flex�ble job shop schedul�ng problem. Tsung-Che Ch�ang et al. 

(2013) [15] proposed A S�mple and Effect�ve Evolut�onary Algor�thm for Mult�-Object�ve Flex�ble Job 

Shop Schedul�ng (MOFJSP) regard�ng m�n�m�z�ng the makespan, total workload, and m�n�mum 

workload.

2.1 Research Gaps & Problem Formulat�on

L�terature rev�ew reveals that few researchers focused on JSS opt�m�zat�on problem w�th the 

cons�derat�on of flex�ble process plan. Therefore,  there �s a need to carry out further study �n th�s area 

us�ng GA and s�mulat�on. Thus, �n the present work, an attempt w�ll be made to opt�m�ze JSS w�th the 

cons�derat�on of flex�ble process plans. A Genet�c algor�thm based approach �s planned to be ut�l�zed 

where s�mulat�on w�ll be used to evaluate the fitness funct�on as s�mulat�on y�elds better results than 

mathemat�cal funct�ons. Thus, the problem statement �s descr�bed below:

“There �s a job shop cons�st�ng of 15 mach�nes. It can process a product�on order cons�st�ng of 'n' part 

types. Each part type can be processed w�th several mult�ple process plans. The object�ve �s to select the 

process plan of each part type �n order to m�n�m�ze makespan us�ng s�mulat�on based Genet�c 

Algor�thm approach”. The var�ous assumpt�ons that w�ll be taken �nto cons�derat�on are g�ven below:

Ÿ Production quantity of each part type is unity

Ÿ Infinite buffer capacities are assumed in front of individual machine and each part enters buffer 

location before the processing at machine.   

Ÿ All parts are available at the start of processing.

Ÿ A part may return to an earlier visited machine. However, two consecutive operations are not 

allowed in the same machine.
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Ÿ Shortest Processing Time (SPT) is used as dispatching rule with First Come First Serve rule as tie 

breaker to process the part.

Ÿ All machines are available at zero time.

3. METHODOLOGY

Follow�ng are the parameters and the�r values taken for our case stud�es:

Ÿ Number of Mach�nes (m) = 15

Ÿ Number of Parts (n) = 12

Ÿ Crossover Probab�l�ty (p ) = 0.8c

Ÿ Mutat�on Probab�l�ty (p ) = 0.2m

Ÿ El�t�sm Rate (e_rate) = 0.9

Ÿ Populat�on S�ze (pop_s�ze) = 10

3.1 Representat�on/ Encod�ng

In th�s work, sequence or�ented encod�ng �s used for representat�on of chromosome. Here, a b�t (gene) 

of chromosome �s formed by a process plan number (�.e. alphabets) of a job type. Each b�t of the 

chromosome �s �n fixed order to represent assoc�ate process plan of a job type. For example, there are 

twelve job types 1, 2, 4, 6, 7, 8, 10, 12, 14, 15, 17 and 18 hav�ng one, two, four, three, n�ne, ten, two, two, 

four, four, s�xteen and e�ght process plans respect�vely and each job type can be processed through any 

of �ts g�ven Mult�ple Process Plan (MPP). A chromosome follow�ng sequence or�ented encod�ng for the 

above parts can be coded as [11  11  13  11  16  15  11  12  11  14  112  18]. Here the first gene �.e. 11 
st st

represents process�ng of job type 1 by follow�ng �ts 1  Process Plan of sequence 1  and the second gene 
st st.  �.e. 11 represents process�ng of job type 2 by follow�ng �ts 1  Process Plan of sequence 1 S�m�larly 

rd st
th�rd gene �.e. 13 represents process�ng of job type 4 us�ng �ts 3  Process Plan of sequence 1  and so on. 

These number�ng of process plans for the part�cular job type as well as the job sequence are already 

known. In a chromosome the number �n the �th pos�t�on represents the selected process plan of the job 

type j. 

3.2 In�t�al�zat�on

For the �n�t�al�zat�on, populat�on �s generated randomly as performance of Genet�c Algor�thm �s found 

better w�th a random start than from a reselected start�ng populat�on [16]. The populat�on �s generated 

randomly, cover�ng the ent�re range of poss�ble solut�ons.
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3.3 Evaluat�on Of F�tness Funct�on

After the generat�on of new populat�on, fitness value of each chromosome �s calculated. F�tness �s the 

performance evaluat�on of chromosomes [17]. H�gher the fitness value, better the performance of the 

chromosome. Hence, parents w�th h�gher fitness values have more chances to surv�ve. Genet�c 

Algor�thm �s naturally su�table for solv�ng max�m�zat�on problems [18]. The object�ve funct�on �n th�s 

research work �s the m�n�m�zat�on of makespan f(x). Th�s m�n�m�zat�on problem �s transformed �nto 

max�m�zat�on problem by us�ng the follow�ng relat�on:

F(x) = 1/ (1+f(x))

Where f(x) = makespan of a chromosome

F(x) = fitness funct�on of GA

For find�ng out the makespan of each chromosome �.e. job m�x f(x) s�mulat�on �s used. S�mulat�on �s 

preferred to mathemat�cal funct�ons as �t results �n good performance close to actual system 

performance. Mathemat�cal calculat�ons are t�me consum�ng and somet�mes ted�ous to solve. 

Moreover, the results obta�ned from mathemat�cal funct�ons may not reflect the performance of actual 
®system.  ProModel  software �s used for s�mulat�on and to calculate the makespan for the part m�x due 

to �ts adaptab�l�ty and easy to use funct�ons. Modell�ng of job shop for each chromosome �s carr�ed out 
®us�ng ProModel  and makespan �s prov�ded by software after s�mulat�on. Further, th�s value of the 

makespan �s converted �nto the fitness value as d�scussed above.

3.4 Select�on

L�near Rank�ng Select�on  �s used for select�on �n the present study. In th�s method, �nd�v�duals are 

sorted first accord�ng to the�r fitness value and the rank N �s ass�gned to the best �nd�v�dual and the rank 1 

to the worst �nd�v�dual. The �nd�v�duals �n the populat�on are ranked accord�ng to the�r fitness and the 

expected value of each �nd�v�dual depends on �ts rank rather than on �ts absolute fitness. Once the 

expected value has been ass�gned, Stochast�c Un�versal Sampl�ng (SUS) method �s appl�ed to sample 

the populat�on (�.e. choose parents). In th�s manner, a mat�ng pool cons�st�ng of selected �nd�v�duals �s 

created.

3.5 Crossover

 A two po�nt crossover �s used and appl�ed on the �nd�v�duals of mat�ng pool. In order to carry out 

crossover two str�ngs are selected randomly from the mat�ng pool to make a pa�r. Each pa�r �s then 
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assessed for the des�rab�l�ty of crossover operat�on w�th the crossover probab�l�ty of 0.8. Dur�ng 

crossover, the crossover s�tes are selected randomly from first to last pos�t�on. Due to above crossover 

methodology, some �llegal offspr�ng may generate. Then repa�r�ng �s done to resolve the �lleg�t�macy of 

the offspr�ng.

3.6 Mutat�on

In the present study, exchange mutat�on �s ut�l�zed. In th�s method, two genes of a chromosome are 

randomly selected and the�r pos�t�ons are swapped. The mutat�on probab�l�ty (p =0.2) �s used and �s m

appl�ed on offspr�ng produced after crossover operat�on. Then process plans at randomly selected s�tes 

get �nterchanged due to th�s process.

As d�scussed above dur�ng mutat�on, some �llegal offspr�ngs may generate. These �llegal offspr�ngs are 

generated due to l�m�ted number of mult�ple process plans of each part type and �t may happen that 

dur�ng mutat�on one job type exceeds the l�m�t of ava�lable mult�ple process plans. Thus, a repa�r�ng 

strategy �s necessary to sort out th�s �lleg�t�macy. In�t�ally, a check �s performed to find out the job types 

that are exceed�ng the l�m�t of ava�lable mult�ple process plans. If there �s no job type that exceeds the 

l�m�t, the offspr�ng �s not �llegal and does not requ�re repa�r�ng process. However, �f there �s/are job 

type(s) that exceed the l�m�t of ava�lable mult�ple process plans, then repa�r�ng process �s act�vated. It 

repa�rs the genes of the �llegal offspr�ng by replac�ng �t w�th randomly selected mult�ple process plans of 

the part type. 

3.7 Reproduct�on

Reproduct�on perta�ns to the further generat�ng the new generat�on. Once offspr�ngs are generated after 

crossover and mutat�on operat�ons, they along w�th parent populat�on form the extended populat�on. 

El�t�sm method of reproduct�on �s embedded w�th L�near Rank Select�on method. It prevents los�ng the 

best found solut�on. It transfers few good �nd�v�duals from the prev�ous populat�on to the populat�on of 

the next generat�on. In the present study, an el�t�sm rate of 0.9 �s cons�dered to transfer the best 

�nd�v�dual from the prev�ous populat�on to the populat�on of next generat�on. 

3.8 Restart 

As GA proceeds, populat�on evolves over t�me. Somet�mes, the populat�on has a low d�vers�ty wh�ch 

may cause �t to be trapped �n a local opt�mum. In order to avo�d premature convergence, a restart scheme
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�s embedded �n regular GA. If the best Makespan �s not promoted for more than a pre-spec�fied number 

of generat�ons (�.e. does not change), the restart phase commences to regenerate the populat�on by the 

follow�ng process [19]: 

Step 1: Sort the populat�on �n ascend�ng order of fitness value 

Step 2: Sk�p the first 10% of the �nd�v�duals from the sorted l�st

Step 3: The rema�n�ng 90% of the str�ngs �n the sorted l�st are neglected and are reproduced �n the 

follow�ng way:

a. From the first 10% best chromosome, first half (50%) of new populat�on �s produced by 

rec�procal exchange mutat�on

b. Another half (50%) of new populat�on are produced randomly.

All newly generated genet�c mater�al w�ll only replace 90% of the worst chromosome of the populat�on 

�f they hold out fitness value better than the worst chromosome of the prev�ous populat�on. Also 

repet�t�on of the �nd�v�duals �n the newly generated 90% populat�on �s not perm�tted.

In the present work, restart scheme �s appl�ed �f there �s no �mprovement �n the fitness value (makespan) 

for more than 15 success�ve generat�on/�terat�ons.

F�gure 1: Flow Chart of the Adopted Methodology

3.9 Term�nat�on Cr�ter�on
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Term�nat�on cr�ter�on refers to the stopp�ng cr�ter�on for further explorat�on �n search space. In the 

present work, max�mum number of generat�on �s cons�dered as the term�nat�on cr�ter�a. The �terat�on 

procedure cont�nue unt�l the generat�on number equals to product of the number of jobs (n) and number 

of mach�nes (m). For example for a 12 jobs 15 mach�nes problem, the term�nat�on cr�ter�a �s 180 (12 

×15) generat�ons �.e. GA w�ll stop after 180 generat�ons and best fitness value obta�ned �n last �terat�on 

�s taken as opt�mal solut�on. F�gure 1 shows the flow chart of the adopted methodology.

4. RESULTS AND DISCUSSION

For Case Study-1, the opt�m�zed makespan �s 511 M�nutes. There are two process plans comb�nat�ons 

of part type of the product�on order that y�eld same opt�m�zed makespan. The convergence curve �s 

shown �n F�gure 2. 

F�gure 3 shows the convergence curve for the Case Study-2. The opt�m�zed makespan �s 506 M�nutes 

and for same opt�m�zed makespan, there are twenty one process plans comb�nat�ons of the part type of 

the g�ven product�on order.

Compar�son of opt�m�zed makespans of case study-I and case study-II reveals that by chang�ng the 

MPP of part type, opt�m�zed makespan �s reduced from 511 to 506. For same opt�m�zed makespan, 

there are 21 process plan comb�nat�ons of part types. It clearly reveals that ava�lab�l�ty of d�fferent MPP 

of a part type �n a product�on order affects opt�m�zed makespan.

F�gure 4 shows the convergence curve for Case Study-3. The opt�m�zed makespan �s 497 M�nutes. For 

same opt�m�zed makespan, there are n�ne process plans comb�nat�ons of part type of the product�on 

order.

Compar�son of opt�m�zed makespans of case study-II and case study-III reveals that by chang�ng the 

MPP of part type 2, opt�m�zed makespan �s further reduced from 506 to 497. For same opt�m�zed 

makespan, there are 9 process plan comb�nat�ons of part types. It clearly reveals that ava�lab�l�ty of 

d�fferent MPP of a part type �n a product�on order affects opt�m�zed makespan.

For Case Study-4, the opt�m�zed makespan �s 495 M�nutes. F�gure 5 shows the convergence curve. It 

clearly shows that for same opt�m�zed makespan, there are n�ne process plans comb�nat�ons of part type 

of the product�on order. 

Page No - 23Journal of Applied Mathematics in Science and Technology (Volume- 12, Issue - 1  January -April 2024 )



All the results are tabulated �n Table-1. It reveals that �f we have a cho�ce of MPP than there are more 
than one process plan comb�nat�ons that y�eld the same opt�m�zed makespan.

4.1 Figures And Tables

Table-1

Case 

Study 

No.

Process Plan 

Combinations 
That Yield The 

Same Result

Optimized 

Makespan 

(in Min.)

1 2 511

2 21 506

3 9 497

4 9 495
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5. CONCLUSION

In the present work, an attempt �s made to opt�m�ze job shop schedul�ng us�ng s�mulat�on based Genet�c 

Algor�thm approach �n the presence of mult�ple process plans. From the case stud�es cons�dered, �t �s 

concluded that for a g�ven product�on order �n wh�ch part type can be processed by mult�ple process 

plans, there are more than one process plan comb�nat�ons of the part types �n a product�on order that 

y�eld the same opt�m�zed makespan. 

6. SCOPE FOR FUTURE WORK

The present work can be extended �n several ways. It can be extended by �ncorporat�ng the aspects of 

due dates, tard�ness, earl�ness, flow t�me, throughput, etc. D�spatch�ng rules used �n th�s work �s 

Shortest Process�ng T�me (SPT). The problem can be extended by us�ng other d�spatch�ng rules such as 

Longest Process�ng T�me (LPT), Earl�est Due Date (EDD), Most Work Rema�n�ng (MWR), etc. and 

comparat�ve analys�s of the results obta�ned could be done. D�fferent comb�nat�on of crossover and 

mutat�on probab�l�t�es can be �mplemented and results obta�ned can be compared. The case stud�es
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cons�dered �n the present work can be solved by other Meta-Heur�st�cs techn�ques such as S�mulated 

Anneal�ng, Tabu Search, Neural Networks, Fuzzy Log�c Techn�ques, etc. and compar�son of the results 

can be done. Product�on Quant�ty used �n the case study can be changed. 

®
The jobs and process�ng t�me are manually fed to ProModel  software. Th�s �s t�me consum�ng and 

l�kely to cause errors part�cularly when schedul�ng larger problems. Th�s can be upgraded by mod�fy�ng 

the software by �ncorporat�ng some external files to capture data from any data files ava�lable on the 

computer. Th�s can cons�derably reduce the t�me consumed �n enter�ng the job deta�ls. 
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A B S T R A C T

The growing emergence of groundwater contamination and the increased level of water scarcity problems require 

appropriate management of groundwater resources in term of both quantity and quality. For better management plans, it is 

imperative to develop mathematical modelling tools that enable to obtain the response of the considered groundwater 

system to hydraulic and environmental excitations and to predict resulting changes in groundwater quality in space and 

time.  In this paper, one dimensional finite difference contaminant transport model is presented for an instantaneous spill 

which incorporates advection, dispersion, diffusion and decay mechanisms of contaminant migration in groundwater 

system.  The developed model is capable of simulating the migration of contaminant species that are characterized by non-

linear degradation or decay involving biological or chemical processes. The simulation results were compared with 

available analytical model, and were found to be in excellent agreement with that obtained from analytical solutions for a 

wide range of field conditions with regard to dispersion and source definition. The developed numerical model can be used 

for the forecasting of contaminant dispersion in laboratory and field for the quantitative description of the time-space 

distribution of the contaminant and to investigate the effect of non-linearity, which will help in addressing a number of real 

life groundwater quality problems. 

Keywords: Groundwater Hydrology, Contaminant Transport, Numerical Modelling, Finite Difference Method, Decay, 

Biodegradation

1. INTRODUCTION  

Water is one of man's basic and precious resources. Contamination of water either on surface or in 

ground is crucial problem. . In most of groundwater contaminant transport investigations it is not 

practical to monitor all aspects of the groundwater flow and solute distributions. Information between 

and beyond monitoring locations and in the future are needed to understand the site and make informed 

decisions. The role of groundwater models in the study of groundwater flow and transport has long been 

a topic of interest for water resources people. The growing emergence of groundwater contamination 

and the increased level of water scarcity problems require appropriate management of groundwater 

resources in term of both quantity and quality. For better management plans, it is imperative to develop 

mathematical modelling tools that enable to obtain the response of the considered groundwater system 

to hydraulic and environmental excitations and to predict resulting changes in groundwater quality in 

space and time.  
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The finite difference method is a well known numerical method that has been applied to advection 

dispersion equation (Akram et al. 1999). The concept of linear "caricature" isotherm and its usefulness 

in obtaining exact analytical solutions were introduced for concentration profiles under nonequilibrium 

conditions (Manorajan 1995). An analytical solution for solute diffusion in a semi-infinite two-layer 

porous medium for arbitrary boundary and initial conditions obtained by Liu and Ball (1998) using the 

Green's function approach. An improved FDM has been developed by Hossain and Yonge (1999) to 

provide oscillation free results with the introduction of minimum artificial dispersion. A one-

dimensional theory of contaminant migration through a saturated deforming porous media is developed 

by Smith (2000) based on a small and large strain analysis of a consolidating soil and conservation of 

contaminant mass. Analytical one-dimensional solutions are obtained by Pang and Hunt (2001) for 

continuous and pulse contaminant sources in a semi-infinite saturated porous medium when the 

dispersion coefficient increases linearly with distance downstream. Serrano (2001) used the method of 

decomposition for obtained series of solutions for the non-linear equation of advection and diffusion. 

These expressions permit an accurate forecasting of contaminant propagation under non-linearity in 

laboratory or field investigations at early or prolonged times after the spill. This paper presents the 

practical scenario of an instantaneous spill, and that of a constant concentration boundary condition for 

situations of non-linear decay, non-linear Freundlich isotherm, and non-linear Langmuir isotherm. 

Khebchareon and Saenton (2005) present an initial development of a one-dimensional numerical 

solution of mass transfer behavior of the entrapped dense non-aqueous phase liquid (DNAPL) in the 

subsurface environment where the system of equations is solved implicitly. Many analysts worked on 

the non linearity problem of decay and sorption. But number of analyst considered only one or two 

parameter of non linearity in there model either in analytical or numerical. In this model proposed 

combine effect of decay and sorption on account for the solution of governing equation of contaminant 

transport. 

2. Contaminant Transport Mechanisms

There are three main physical processes effecting contaminant transport namely advection, dispersion 

and diffusion. In addition, chemical processes that effect transport are decay and sorption. Advection is 

the mass transport caused by the bulk movement of flowing ground water. The driving force is the 

hydraulic gradient. In highly permeable materials such as sand and gravel, advection is the most 

important transport process, and each transport prediction will only be as accurate as the flow 

description. Advective flow becomes more complex when the density and/or the viscosity of water 

change with solute concentration. Diffusion is the net flux of the solutes from a zone of higher concentration to 

a zone of lower concentration. Diffusion is the net flux of the solutes from a zone of higher concentration to a zone 
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Diffusion over geological time, however, can have a significant impact. The effect of diffusion will 

normally be masked by the effect of advection in groundwater zones with high flow velocities. 

Dispersive spreading, within and transverse to, the main flow direction causes a gradual dilution of the 

contamination plume. Dispersive spreading will lead to increase in plume uniformity with travel 

distance. The combination of dispersion and diffusion termed as hydrodynamic dispersion. 

Degradation process also decreases the source of contamination with time. Reactions of the first order 

are applied to describe radioactive decay or simple degradation processes. Reactions of the first order 

are a linear and do not change the characteristics of the transport equation. Sorption refers to adsorption 

and desorption. Adsorption describes the adhesion of molecules or ions to the grain surface in the 

aquifer. The release from the solid phase is called desorption. Adsorption causes diminution of 

concentrations in the aqueous phase and a retardation of contaminant transport compared to water 

movement. The degree of sorption depends on a number of factors, including the concentration and the 

characteristics of the contaminant, the soil type and its composition, the pH value of water, and the 

presence of other water solutes. These factors are in time and space, resulting in a variation of 

retardation in the natural environment. The rate of adsorption onto the solid material as related to the 

concentration in the groundwater is expressed by adsorption kinetics. The relationship between the 

concentration of a solute in adsorbed phase and in the adjacent water phase at equilibrium is an 

adsorption isotherm (C.W. Fetter, 1993 and F.W. Schwartz, 1988).

3. Governing equation for contaminant transport

Assumptions taken in to considerations in model development are that the soil is homogeneous and 

isotropic, the porosity of soil is constant, saturated hydraulic conductivity is constant, ground water 

pore velocity is constant, one-dimensional flow is taken, hydrodynamic dispersion coefficient is 

constant, Freundlich and Langmuir parameters are constant and retardation factor is constant.

The one-dimensional advective-dispersive equations in an infinite aquifer subject an instantaneous 

point source and linear biological or radioactive decay. 
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4. Analytical solution for decaying contaminant species transport

4.1 Analytical Solution for Linear Decaying Contaminant Species Transport 

The one-dimensional advective-dispersive equations in an infinite aquifer subject an instantaneous 

point source and linear biological or radioactive decay.

which is the well-known solution to the advective– dispersive equation with linear decay. 

Decomposition series converge to the exact solution to the differential equation. In many instances, 

however, the closed-form solution may not be identified. This is especially true in many nonlinear 

equations. While a closed-form solution is mathematically desirable, the series solution constitutes an 

accurate model of interest to the practicing hydrologist.

4.2 Analytical Solution for Non Linear Decaying Contaminant Species Transport 

In cases of non-linear biological or radioactive decay, equation (1) becomes 

For the case of linear decay, b=1, and equation (4) is identical to the exact solution of equation (1), that 

is equation (2). 

Thus, equation (4) is a useful, simple, and stable expression for practical applications in the forecasting 

of contaminant propagation under non-linear decay during early or prolonged-time simulations and a 

full range of values in the physical parameters. 
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4.3 Governing equation for contaminant transport 

(a) The one-dimensional advective-dispersive equations in an infinite aquifer subject constant     point 

source and linear biological or radioactive decay.

5 Solution of governing equation 

Following assumptions are used for developing numerical model of contaminant transport equation:

(1) The porous medium is homogeneous and isotropic.

(2) The solute transport, across any fixed plane, due to microscopic velocity variations in the flow tubes, 

may be quantitatively expressed as the product of dispersion coefficient and the concentration gradient.

(3) The flow in the medium is unidirectional and the average velocity is taken to be constant throughout 

the length of the flow field.

(4) The FDM is approximations the higher order terms in Taylor's Series are neglected.

(5) Contaminant is conservative i.e. decay is not considered for sorption cases. Also contaminant is 

assumed to be non reactive.

(6) Contaminant is non conservative i.e. decay is considered in case of decay and combine effect of 

decay and sorption. Also contaminant is assumed to be non reactive.

(7) Retardation process is considered in sorption cases.

(8) No other process like pumping, recharge etc. is considered.

5.1 Implicit scheme

The principal models of contaminant transport in groundwater are advection and dispersion. 

Retardation and degradation can significantly impact the transport. Extensive research has been and is 

being carried out on the numerical aspect of simulating advective-dispersive transport. A large volume 

of literature is available on finite difference models (FDMs) and finite element models (FEMs) for 

simulating advective-dispersive transport, in general and advective-dispersive transport in 

groundwater, in particular. The FDM for simulating contaminant transport in groundwater is based on 

either first-order or second-order approximation of the advective term. The first-order approximation 

of the advective term results in a stable algorithm at the expense of introducing unacceptably large 

artificial dispersion. The second-order accurate central difference approximation of the advective term, 
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on the other hand, leads to oscillatory results. Oscillations are usually eliminated by adapting up-

winding schemes. Adaptation of upwind FDMs, however, can introduce large artificial dispersion.

The implicit formulation for governing equation is obtained by the replacing the space derivative with 

its finite difference analog at the (j+1) time level i.e. (t+1). The time derivative is then replaced by a 

backward difference approximation relative to the j+1 time level i.e. t+1.

To illustrate, let us consider an one dimensional partial differential equation of second order of 

following type

The truncation error is the approximation is again                 The above equation forms a set of simultaneous 

linear algebraic equations with the unknowns       The unknowns are thus given implicitly. This set of 

simultaneous equations is solved for the whole aquifer domain at a particular time level. In this passion, the 

solution is marched forward in time by solving the system of equations at each time level. The beauty of this 

method is that it is unconditionally stable.

Finite difference by implicit scheme is given by
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5.2 Numerical solution for decaying contaminant species transport

The one-dimensional advective-dispersive equations in a semi infinite aquifer subject to a general 

non-linear sorption isotherm of the form 

The one-dimensional advective-dispersive equations in a semi infinite aquifer subject to constant point 

source and linear biological or radioactive decay.
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F
The matrix [M ] is tridiagonal and is constant. At each time step, systems of equations are solved for 
concentrations at the nodes by forward and backward substitutions using Gauss Elimination Technique.

6. Results and discussion

6.1 Contaminant concentration distribution for decaying species

Figure 1 Contaminant concentration distribution subject to linear decay, non linear decay and 

no decay after an instantaneous spill

Figure 1 shows the concentration vs. distance profile at one month after the spill when no decay is 

present, according to equation (2); when linear decay is present, according to equation (2) setting b=1; 

and when non-linear decay is present, according to equation (4) setting b=0.6. 

This comparison is quantitative and can be used to assess the effect of the non-linear parameter b, since 

the parameter a has dimensions affected by b. Yet, the graph shows the physical bounds of the plume. 

In general, non-linear decay scales down the concentration profile, the degree of which is controlled by 

the magnitude of b. Since the concentrations are greater than 1 and b<1, most of the linear plume is 

scaled up with respect to the linear decay plume.

6.2 Results obtained by numerical model

6.2.1 Contaminant concentration distribution species for decaying and sorbing species at different 

time
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Figures 2,3 and 4 shows concentration distribution of contaminant species at different time in 

longitudinal direction. 

It is observed that at initial time contaminant species rapidly reduces in domain due to sorption and 

decay. Contaminant specie dose not travel more distance As time increases plot clearly difference 

between decay, Freundlich sorption and Langmuir sorption. Contaminant species diminish due to 

decay. In case of Freundlich sorption and Langmuir sorption solute particle travel long distance in the 

direction of ground water velocity and slowly reduces its movement and existance. Because of high 

value of Freundlich retardation factor contaminant species velocity less than velocity of species due to 

Langmuir sorption.

At the initial few months it is observed that front of concentration distribution curve is smooth and 

concentration slow decrease. However, as time increases front become sharp. It indicates that after 

traveling certain distance in long time concentration reduces rapidly. 

6.2.2 Contaminant concentration distribution species for decaying and sorbing species at 

different distance
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Figures 5, 6 and 7  shows concentration distribution of contaminant species at different distance for 

continuous time.

It is observed that plume of contaminant species reaches early period in case of Langmuir sorption, 

shows that contaminant species velocity in the longitudinal direction of ground water is high. In case of 

Freundlich sorption, plume takes more time to reach at particular distance than Langmuir sorption. It 

indicates that contaminant species velocity more affected due Freundlich sorption than Langmuir 

sorption.

Contaminant species almost diminishes due to decay. When we take combine effect of decay and 

sorption, decay is always dominant than sorption. Because of that species concentration reduces rapidly 

in aquifer. 
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7. Conclusions

Using the method of decomposition, series solutions were constructed for the advective–dispersive 

transport equation in aquifers subject to nonlinear decay, non-linear Freundlich sorption, or nonlinear 

Langmuir sorption. Using the concept of double decomposition, the series were used to obtain 

analytical simulant solutions, which are closed-form expressions of part of the parent series. The 

analytic simulants were tested for numerical accuracy with respect to the parent non-linear series 

solution with an excellent agreement. 

Plumes undergoing non-linear decay experience a profile re-scaling with respect to that of linear 

decay, the degree of which is controlled by the magnitude of the non-linear parameter b. The direction 

of the scaling (scaling up or scaling down with respect to the linear decay plume) is controlled by the 

magnitude of b (whether greater or less than 1). When values of b<1 produce plumes that experience 

less decay (i.e., are scaled up) than that of the linear decay, whereas values of b>1 produce non-linear 

plumes that experience more decay (i.e., are scaled down) than that of the linear decay. 

However, the approximate analytical models presented here are not capable of predicting the form of a 

contaminant plume when the initial concentration is large and at the same time is large, or when  > Ci. a

More research is needed on the identification of simple solutions for the later conditions. 

The FDM predictions were found to be in excellent agreement with analytical solutions for a wide 

range of field conditions with regard to dispersion and source definition. The new developed numerical 

model can be used for the forecasting of contaminant dispersion under non-linear reactions, or for the 

quantitative description of the effect of non-linearity in the sorption parameters, on the time-space 

distribution of the contaminant. The solution for numerical values of state variable only at specified 

points in the space and time domains defined for the problem. The above FDM model solved by using 

implicit scheme is unconditionally stable. The proposed models are flexible, stable, and could be used 

for laboratory or field simulations at early or prolonged contamination scenarios.
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